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LZ{ ABSTRACT

The primary goals of this ra2port ars to make thz formal
pathematical descriptions of the optical concomitants of
rectilinear self-motion througb the environment more useful
by conseolidating, clarifying, and extending then. The
report includes: (1) a critical reviev of the literature on
the optical btases for the perception of rectilinear
self-motion, (2) an outline of a comprehensive framework for
the study of self-motion perception Lkased on J. J. Gibsaon's
ecological approach, and {(3) an introdaction to a unified
matheratical tr=atment of the global optical effects of
rectilinear self-motion. A careful distinction is maintained
between geometrical facts and perceptual or psychological
aspects of s:zlf-a.tion. Ths r2port is writt=nm in a tutorial
style.
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GOALS, SCOPE, AND EXCLUSIOMS

For the vast majority of animals, the control of
self-locomotion (egomotion) is iun general domindted by tbhe
visual system. For the controel of flight in particular,
visual guidaance 1s definitly preferred and oftzn crucial.
Hence, an exact formulation of the optical ipnformation for
th2 perception of egowmotion woulld Le of great cheoretical
interest and practical value, Accordingly, several
#athematical analyses have been performed. But, lmpressive
as SsSome are, thay are of 1linited usefulness for (1)
practical applicatious (such as simulator design), (2)
empirical testing, and (3) further theoretical development.

Goals

The prisary g
mathamatical ana cptical coocomitants of
¢gomotion @more U 1 and accessitle Lty <consolidating,
clarifying, and correcting then. The enphasis Qn
acc2ssibility and usefulness means that a someswhat tutorial
style is uscd.

ls of this report are to make the formal
asg cf the
fu

b—‘
< Q

Sgop

o

Some of the analyses presented apply to all types of
egomotion throuqh all possible environments, but the scope
of this report 1is 1in general limited to ractilinear
eqoaotion over an endless £lat terrain. dowever, in
contradistinction to some studies which confine themselvas
to level egonotion, this study emphasizes paths at any angle
to the ground.

Exclusions

Non-visual scurces of information that wmay contribute
to ot contradict the visual experisnce are not considered.
Also, the thzories and literaturs on rotary eagomotion are
deliberately 2xcluded.
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PLAN OP THE REPORT
This report is organized into five major sections:

J._Beasons for limited usefulness
o

This sectiron contains the justificati

of previous studies.
ns for this report.

2._Terms and distinctions. This section is presented
as an aid to upndarstanding and organizing the literature.

3._Literature review. The literature review 1is
concarned with mathematical optical analyses although a few
empirical studies are discussed. The insistence on optical
studies means that all rzfersnces are post-d¥II. Although
the review 1s <2xtensive, it is not intended to be
exhaustive,

4._Aspects of a comprehensive ecological analysis.
This section attempts to outlin2 a coaprehensive framework
for the study of the perc=aption of egomotion. An ecological
approach based on Gibson (1979) is used.

5. Qptic array vs. cretinal description. This section
attempts to clarify the distinction Letwveen optical
description referred to the optic array and to the retina.

I

6. Unified optical description. This section presents
the known mathematics of the optical c¢oncomitants of
egomotionu in a convenient forum.

e
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REASONS FOR LINITED USEFULNESS OF PREVIOUS STUDIES

The usefulness of previous amnalytic studies 1s limitsd
for five principal reasons:

1. Incompleteness. NOo amnalyses or set of analyses
presents a compleste list or exhaustive description of all
the optical 1nformation availakle akout =2gomotion.

2. Nultiplicity of notations and analytic strategqies.
The proklem of egomotion percsption has attracted a broad

spectrum of researchers ranging from philosophers,
psychologists, physicists, engin=2ars, and sipulator
designers to highway, harbor, and air safety personnel.

This div:srsity has led t¢ a growing tut scattared and
inchoate litardature on egomotion perception. DBecause of the
igsular rature of the literatures of largely indepeéendent

disciplines, the great wheel of the egomotion optical flow

pattern has teen rediscovered sevaral times. Thase
rediscoveries have employed a aultiplicity of notations and
analytic strategiss. Thus it is not always easy to tell

when two apparently different analyses are either formally
equivalent or fundamentally difforent either Lecause of
errors or because different aspects of the flow pattern are
being studied.

3. Distinction between generating ¥s. describing
displays. Tests or applications require displays which
exhibit a feature of interest in a controlled and possibly
isolated manner. Controlled displays today gemnerally mean
computer graphics simulations. But, the equations which

descrite egomotion displays are unwieldly and even
irrelevant for genesrating such displays. Hence, tterea
exists the curious situation that people who desige and
build computer generated simulations use an eatirely
different set of equations and procedures tkan the people
whc descrikte and study the perceptual utilizatiouw of the
resulting displays. ’

4. Judetected errors. Oue - aavawtage of a computer

generated egomotion display is that its apps2arance serves as
a check on the correctress of fhe uwpderlying procedure:
Subtly flawed equations can produce bizarte and clatently
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Egqomotlon Flow Pattern 4 i

flaved displays. This advantage is, of course, lost when v
diiferent ejuations are used for generation and v
description/analyses. Indeed, somz of the formal analyses a
cited by users of dynanmic displays do contain errors. Thase =
errors have remained undetected, in part, because static 0
figures or graphs made from flawed equations do not appear L
wrong as easily as dynamic displays do. Descriptive errors .
lipit the wusefulness of correctly generated dynamic scenes e
by misleading developers of perceptuaal hyrotheses. =
5. Inconsistencies and conceptual confusions. In ;;
addition to =rrors in the mathematical analyses, there are a T
nuaber of inconsistepcias and conceptual confusions witkh s
respect to the psychological aspects of egopotion. .
.

-3

a

-

P

=

"

:

.

- - ‘

A
24

LR A 1

2 ....J TN

F
F DI
. o) e
" .

4
f
»
r
r
)
r
r
4
b
r
¥
i
3
A

.




%

| 31

J
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TERMS AND DISTINCTIONS

The beginning of a cowmprehensive conceptual framewock
for undsrstanding egomotion perception will be outlined
after the descriptive literature has tesn reviewed. This
revisvw makes some distinctions and utilizes a terminology
somevwhat different from that foumd imn the original articles
since a greater level of precision and consistency of usage
is needed. Some of those terms and distinctions are triefly
presented hare to aid the review.

Distinctions are made among (1) the description of the

op-ical concomitants of egomotion, (2) the optical
information availakle fcr egomotion, apnd (3) the perception
or utilization of availatle information. A further

distinction 1s nade betueen optical descriptions made with
respert t¢ the human retina and thos=z with respect to the
arkient optic array.

The optical concomitants of egomotion refer to the
projective geomeiric consequences of that egomotion at a

moving point of observation. Although optical descriptions
of those geonmetric effects may be with respect to the
"ratinal imegse" or the "proximal stimuli", description is

best made with respect to the ambient optic array which nmay
te conceived of 1in several ways such as (1) a gensralized

non~rotating panoptic retina, or as (2) a full spherical
projection surface centered on a moving point of
oLservation. Optic array descriptions and analyses 4r@e

independent of any particular visual systenm.

If optical concomitant refers to the dynamic projective
mapping of the environment onto the optic array during
egumotion, then optical information refers to the inverse
projective nmapping back from the optic array to the
observear/environmnent state. Optical iuformation, or
synonymously, aptical specification, 15 necessarily
nmathematically corpletely adequate and sufficient to
unambiguously determine the observer/environaent state.
Hence, ha tarms "optical informatioa", "optical
specifiers"™, and "optical bases" contrast sharply with the
terms "clues" and "cues"™ which suggest an jindetorminacy ot
iradeguacy in the Llnverse geometric saense.

Another important distinction 1% that Letvween the
availability of information and the pickup or psychological
utilization of that information. "Information pickup" and
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“perception™ are used synonymously. The point here is that
the study of the optical concomnitants and optical
information is geometric and analytic whereas the study of
inr>rmation pickup is psychological and empirical.

A standard set of important kinematic distinctions is
that among velocity, speed, angular velocity, and angular
spzed. Velocity aad speed refer to translation. Velocity is
a vector gquantity having both direction and magnitude
whereas speed is a scalar quantity equal to the magnitude of
the yelocity. Angular velocity and angular speed refer to
rotation. Angular velocity is a vector oriented along the
axis of rotation and pointing in the direction of advance of
a right hand screw. Angular speed is the wmagnitude of the
angular velocity.
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Egomotion Flow Pattern 7

LITERATTURE REVIEW

The experience of onefs owWwn movement contrasts sharply
with the perception of object motion and possesses both a
"curiosity™ or phenomenological quality and a survival
value. The curiosity value is especially apparent due to
the ubiquity of naturally occurring illusions of egomotion
such as can De eiperienced when standing in a lake
(Johansson, 1977). These illusions can be quite compelling
and vivid and caught the attention of wmany lay people as
wva2ll as pre-1950 psychologists. The pre-1950 psychological
literature 1s thus peppered with many references to the
phenomenological character of egomotion. The fewer pre-19590
attempts at explanation of the experience reduce to
invocations of the particular theorist's reqular theory of
object motion perception <coupled with an added factor such
aS attantion or fixation. Hence, the pre-1950 references to
@gomotion will nout be reviewed here.

The 1950s
Gibpson's comtribution
The modern treatment of egomotion stems from J. J.
Gibson's insight that the survival value of egomotion,
rather than the phenomenological quality, is the owore
important problem to be 2xplained. This insight was forcad

on Gibson during World ¥War II while he was attached to an
Army Air Force research unit developing procedutes for pilot
selection (Gibson, 1947). Gibson reasoned, in effect, that
in order to efficiently select and train people for coumplex
egomotion gquidance tasks, wve ought +to beqgin with the
theoretical question of "What gives rise to the perception
of egomotion?v, His answer wvas that there onust be an
optical effect on the projective structure of 1light coming
to a moving point of observation due to eqgomotion and that,
in turn, this optic effect can serve as information about
egompotion.

The optical effect or concomitant of egomotion is a
particular total transformation of the structure of the
amcient optic array at a awmoving point of observation.
Gibson (1947, 1950) first pictorially described the optical
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transformaticn or e¢gomotion optic fluw pattern. He used a
set of schepatic illustrations vhich essentially devict the
optical traces that would be left or a photograph during a
short tiae <xposure. Tne depictions included 1lateral as
well as frootal wipndow views during 1level f£flight and a
frontal viewv during a landing approach (Gibsca, 1950, Figs.
53, 54, 58)a. Figureg 9,8-9.12 from Gikson (1947, U.S.
Governmeat Printing Cffice) are reproduced here in Figures 1
and 2 for their historical value and as the principle
illustrations of the egomotion optical flow pattern.

The first amajor mathematical analysis o¢f the flow
pattern vas by Gibson, Qlum, and Rosenblatt (1955). They
provided a Sat of abstract analytically oriented
illustrations of the flowv pattern. These illustrations are
abstract in that they do not correspond to tracings on a
window but rather are a map of the differential optical
velocities over the entire subhorizon hemisphere of the
optic array corresponding to an infinite ground plain.
These abstract illustrations, along with those froa Gibson

(1247, 1950), are intuitively <¢lzar, 1informative, and
sufficient +tn enable the r=2ader to grasp almost all
qualitative aspects of the flow pattern. For example, the

figqures, aake clear why Gikson et al. sometiames reserve the

term "flow pattern" for level egowmotion and use "expansion

pattern” for egomotion togyard a surface.

The quantitative aspects, of course, require forgal
analysis. The analysis of Gibson et al. is significant,
technically correct, and yet leaves much to be desirad. The
analysis is significant for two reasons. First, 1t is very
general in scope. Their Egs. 1 and 3 give the magnitude of
the optical (angular) velocities of ground gpoints during
egomotion alopg any rectilinear path at any angle of
approach to the flat surface. Iun fact, in Footuote 13, they
generalize the analysis to any points in space.

The second reason their analysis is significant is that
they provide twe alternate but eguivalent analyses. The
first analysis (Eq. 1) gives angular speed as a function of
optical position referred to a wmeridian and eccentricity
system of spherical coordipnates. As such, Eq. 1 predates in
generalized forw (since it allows for any angle of approach)
the analysis of Nakayama and Loomis (1974). In fact, the
special case of WNakayama and Loomis 1s given in an
unnumbered egquation on p. 382. The secoud analysis (Bgq. 3)
gives angular speed as a fupction of optical position
referred to aan azinmnuth and elevation system of spherical
coordinates. A&s such, Eg. 3 predates the analysis of Gordon
(1965, 1966) and does so in a way that presents optical
position in truly optical terms.
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Despite its significance, the analysis of Gibson et al.
does la2ave much to ke desired. Although they give correct
equations for the magnitude of the angular velocity vectoers,
they do not provide expressions for the actual vectors or
their directions. Instead, they verbally define the
"expansion vactor" at a ground point to ke a vector tangent
to a line of constant meridian and having the magnitude
indicated (p. 378). There is nothing wrong with defiuing
such a vector. An explicit expression can be unambiguously
derived and Gibson et al.'s omission results in nothing more
than an inconvenience to readers who wish to make drawings,
computer simulations, or furthur mathematically study such a
vector field. However, Gibson et al.'s use and terminology
are somewhat at variance with more sophisticated trcatments
such as Koenderink and van Doorn's (1981) and this creates
problens,

A formal vector analysis (such as in this report)
associates saveral different vectors with each ground point,
each vector having 1its own direction, magnitude, and
meaning. In particular, the aungular velocity vector does
have the same magnitude as Gibson et al.'s expansion vector
kut a diffsrent direction. Povwever, this does not
invalidate their findings and conclusions. Rather, readers
must De sSensitive to the cors contriktution uander the
terminology and formalisus used., This is not an sasy task
and Gikson et al. mwmay be Jjustly faulted for the oktuseness
of their presentation. Their derivations and definitions
tend to be unclear, the optic array significances of key
variasbles are not developead, and most regrettable, @wany

assertions are made atout the existence of optical
information for several egomoticpr parameters, but without
mathematical support. In fairness, the task has

subseguently proven gquite difficult and more recent analyses
are slowly confirmirg Gibson et al.'s intuitiops akout the
existence of optical information.

A theoretical discussion of the implications of the
fiow pattern for aviation followed shkortly (Gikson, 1959%5).
This was in turn followed by o curious exchange 1in the sane
journal. Calvert (1956) +took issue with some of Gibsocn's
terms in favor of his ovn term "streaaer pattern® put forth
in an earlier paper (Calvert, 1954). He also objected to
abstract diagrams that "merely tabulate aangular velocities"
{p- 478}. Gibson's (1957) reply is still worth reading.

in

Although nonmathematical, eGibson's next theoretical
paper is important because it enphasized the wisual control
of 1locomotion in all animals, not just humans., He
explicitly preseunted verbal formulas couched in optic array
terms for specific egomo*ion tasks such a3 aiming, steering,
approach, brakinyg, and pursuit and avoidance (Gibson, 19%t8).
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Egomotion Flow Pattern 10
Literary Descriptions

Other verbal and nonmathematical descriptions of the
flow pattern have appeared in the scienca fictiop literature
(¢.9., Asimov, 1953, chap. 2, pp. 26-27; Clavke, 1968, chap.
41). Attention is called to the descriptions by these famous
authors, not because of any impact gn scientific
developments (there is no evidecnce of any such iapact), Lkut
rather because they 4o show the appeal the flow pattern has
for observiny people.

The 1960s

Oue basic¢ characterization of the flow pattern is that
it 1s a field of angqular velocities. After determining an
angular speed formula, naturally early questions are thogse
of deteraining wmaximun and wminimuna angular speeds and
iso—-angular speed <ontours. Surprizingly, only Schreiber
(Havron, 1962) seeans to have teen concernad with determining
mazinal values, whereas almost all 1960's studies discuss
iso-angular speed contours.

The 19€0°%s Studies

Havron (1962). Bavron (1962) «reports an especially
interesting analysis of the flow pattern which he c¢redits to
A. L., Schreiber as a ghost co-author. Schreiber derived two
expressions for the optical (angqular) speeds of ground
points during rectilinear egomotion as a fuanction of (1)
path speed, (2) path angle, (3) path distance to the impact
point, and (4) the ground cvoordipatles of the ground points.
The two expressions differ only 1n the use of Cartesian or
polar ground coordinates and the origin of Loth systems is
defined by the impact point itself. In fact, the analysis
is not actually am optic array description since anqular
speed is given as a function of ground position rather than
optical position. But, although no vector expressiou was
used, Schreikbter succeeded in making two major contributions
copncerning the ground loci yielding maximum angular speeds
and equal anyular speeds.

First, Schreiber determined the ridgeline of waxiuwum
angular speeds. Optical flow paths or meridian lines
correspond to a set of straight groupd lines all centered on
the impact poiut and extending to the horizon. Along a
ground line, optical flow is zerc¢ at the impact point,
increases to a maxinmum walue, and then slows to zero at the
infinitely ftar horizon. Schreibter dsternined the distarnce
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Egomotion Flow Pattern 11

along each radial ground 1line at which optical floy 1is
maximal for that ground lin2. No matter whichk radial ground
line ou% from the impact point, and no matter what tha angle
of approach, the maxiamuvxz angular spe=d on each grouud line
obtains at a distance from the iapact point exactly egual to
the ¢ omotlion path distance to the impact point. Hence, the
ridgeline of maximug angular speeds is a «c¢ircle on the
ground centered on the impact poiut and having a radius
equal to the path distance to the imract point. Each point
on this circle yields a maximum optical velocity for its
line but not all these maxima are ejual. The ground point
yieslding the greatest flow for the whole .ptic array occurs
at a point almost directly under the cbserver. This point
is optically set back from the wvertical ty exactly one half
the angle of approach.,

Schreiber's second coatribution was +o deteramine the
grouad loci tor which the angular sreeds are the same. He
determined that there are exactly taree types of isc-angular
speed curves., RAll descriptions here refer to the ground and
not to a pro,ection plane, Typ= I curves are very thin
elongated curves which "lcok like ellipses" (p. 14). All
have the imppact gpoint in their interior aud all ar:
contained within the circular ridgelir¢. Type II curves all
contain the abtsoaiute maximusm point within them and cross the

riqgeline at two points. Type ITI curves copmpletely
surround the ridgeline. See Havion (i1902) for more detaiis.

Snyder (1964). Independently of Schreiter, Snyder
(1964), in a study of visuwal factors in low altitude flight,
derived an expresssion for the angular speeds during level
fligkt as a function oOf ground speed and +the three
diwznsional coordinates of ground peints. Aan interesting
feature is that he 3lso presented an expressica in vhich the
forwvard coordipate is replaced by the time necessary to
traverse the forward, but not the total, istance to a
peint. Sanyder's sguation can ke used to determine iso-speed
contours bhut only for level flight and 1s thus not as
genecral as Schreitker's, Level flight 1is of sufficient
interest that Snyder and also Harker and Jones (1980) wused
Spyd:r's equaticns to present a series of iso-speed contours
to delimit the so-called (or better, alleged) "bluc zone',

Gordon (1969) . Thus far, all analyses have assuned
rectilinear egomotion at a coanstant velocity aiad the main
optical wvariavle was angular speed. Gordon (1965, 1966)

greatly extendad the scope to iaoclude 2gomction of varying
speed along horizontal and vertical curved paths and also to
include angnlar acceleration as aun optical variaclwe. For
analysis, he used the field concept, a very powerful tool
that is also used in this report. Simply put, a "field" is
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Eqouwontion Flow Pattern 12

used to represent a physical quantity that is a ftunctiop of
position in a given regioan. Gordcon examined three fields:
those of optical position, velocity, and acceleration.

Position as a fupction of position sounds odd.
Gerdon's positional field refers <o optical position in
terms of the azimuth apnd elevation spherical coordinates

associated with a ground point. His optical position
analysis is very clear. He gives explicit formulas for
azimuth and elevation as functicns of the Carctesian
coordinates of a ground point, and moreover, precisely
defines his «coordinate systen. This 1is 2 au improvement

over Gibtson et al.

The velocity field analysis is more troublesone. He
agaln is clear and explicit 1in deterziping the magnitude of
the velocity vectors. U(afortuunately, he is nowhere explicit
ir an expression for the vectors thamselves, and worse, his
expression for the vector magnitudes is wrong.

His wethod for determiping total angular speed 1is to
first determine the azimuthel and elevation wvelocity
components, a totally acceptable ani iaformativs procedure.
The error is the method of comkiniag the cogponernts. Because
he is wusing spherical coordiuates, the coaponzuts do not
combine according to the siasple Cartesian formula for
distance which he used (Gordon, 1966, Eg. 46). Cu=s to this
error, his isc-angular speed contours (1965, Figs. 5& 63
14966, Figs., 12 £ 13) are wrong. But even 1if the correct
combination rule were uysed, his procedure for deriving the
iso-velocity contours from this formuiation in terms of
Cartesian coordinates is very indirect and cumbersone. For
Cartesian coordinates, the procedures of Schreiber or 3anyder
ars mere comvepiant.

His vectors themselves seem to be directed along the
flow path optically "etched"™ on ¢ frouto-parallel window
during egowotion. Thus, they cotrespord to Gibson et al.'s
velocity vectors and not the angular velocity vectors of
modern analysis.

Gordont's study is not without merit. It attempted to
greatly expand the scope of the flow pattern analysis and
the problems are not irreparacle. His velocity components
are expressed 1in Carteslian rather than optic array terms,
but this can be remedizd. dis method of <c¢oubiration is
¥rong, but again, that can be rewmedi=d. Pyrnally, his
discussion of curvilinear =gomotion 1is interesting, and
although there are some problems, it does anticipate some of
David Lee's coutributions.
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Biggs (1966). Th= correct method of combining separate
spherical anqular rate compouents into teotal angular spe=d
vas exhibited by Eiggs (1566, his Egs. 4.2 & 4.5). de used
a meridian and eccentricity system with the "“north" pole
oriented along the direction of egomotion. Thus his angular
speed analysis is similar to that of Nakayama and Loomis
(1974) but the flow vectors theaselves are not specified and
no prejected flow diragrams are depicted. An unusual feature
of Biggs' analysis is that in addi*icn to desceibing the
optical effects of 2gomotion for a zero~-dimensional point in
tte environment, ha also descrikted +the effects for a
one-dimesusional line and for & small two-dimensional surfacs
elenent,

Consider the case cf a two-dimensional surface elemant
first:

Points and lines cannot =2xpand, yat the flow pattern
has sometimes been referred to as an exgpansion gactern. But
thae term 1s appropriat= Lbecause ths optical sizes of
two~dimensional ervironmental fzatures do increase with time
as loang as they r=2mait in the ffrortal" henisphere of the

optic array. (In the nind hemisphere, aptical contours
contract ot negatively expand.) 81395 Lorrowed the
engireering concept of M"areal strain' and transformed it

into an index, ¥, of "rate of local ar=ai expassion®, which
for raectilinear egomotion i3 given ty

Y = 2(§/r) caes EC

where 5 1s the egospeed, r 1s th=2 distance to the
anvironaental feature, and EC is +the angle between the
heading poirnt and the feature. Notice tha* cos EC, and hence
Y, 1s positive 1in th2 frontal hemisphkere of expansion and
negative in the rear hexzisphere of contraction. The local
expansion, Y, can also be determined for <c¢urvilinzar
egomotion (Biggs' Eg. U4.6).

The oue~dimensional cas2 is here taken to include koth
straight lines and constantly curved lines such as the curts
of straight roads and uniform bends. Biggs noted that, «hen
4R observer maintains a constant distarce to either type of
curk, the optica. projection of the curk maintains a
constant optical position. This 1invariance of optical
position foL the lipe taken as a whole exists in spite of
the shifting optical ©position of the individual pcints
coaprising the liue. Biggs describ=d the angqular position of
a straight line as the

arc tan (signed lateral distance s/ height)

Tihis is the 1nvers2 of the vrojectsd slope and corresponds
to what Warren (1942) calls the "optical splav"™ of the line.
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Egomotion Flow Pattern 14

In discussing the problem of controlling heading by
tracking the aoptical position of specific elements such as
curb lipes, Biggs anticipated key elements of
control-theoretic approaches to the perception of egomotion.
He further anticipated, by differentiating ©cetwasen the
effects of flow omn specific scene elepents and general
global effects vithout reference to specific scene elements,
tvo "emergent "traditioas™ or approaches to flow pattern
description. One approach, favored by psychologists and
computer vision scientists, concentrates on the flow pattern
as a whele by <focusing on the Ltehavior of single but
acbitrary poiuts. The other approach, favored ky
control-theory oriented encineers, concentrates on the
optical btehavior of specific greater-than~point-size scene
elements sucn as the outline of a runway.

Biggs' study is rich in concepts and hypotheses which
would have enriched research on the perception of egomotion.
Unfortunately, he received virtually noe citaticns in
subsequent stydies (possibly due to isolaticon in a British
Mathematics Departzeat and to expressing himself in terms of
automobiles rather than using the more dominant vehicle of
aircraft favored in the egomotion literature). His concept
of rate of local areal expansiorn deserves further study.

Phiteside and Samuel (1397C). The iso—-angular speed
discussions s¢ far have been concerned with identifying the
groand loci v¥hich yield a common optical speed. In a krief
but notewvorthy paper, Whiteside and Samuel (1970) extended
the environuzental domain to include all possible
three~dimensional loci which yleld a cummon optical speed.
They arqgued that such a set of peints forms a
three-dipmensional surface called a torus. This torus 15 a
surface of revolutiou forrwed as follows: At the egocenter,
position a circle tangent to the egcmotion path and oriented
so that the <c<ircle would roll forward along the path. Let
the diameter of the «circle te equal to +the path speed
divided by the d=sired or common angular speed 1in radians
per second. Revolve the circle akout the c¢gomotion path.
The resulting torus 1is a travelling doughnut, but it is a
doughnut without a hole.

The ground iso-anqular speed contours are foraped by the
intersection of the ground and the torus. In particular,
Fhiteside and Samuel found that (1) at zero altitude, the
ground contour is a figure eight formed Ly two «circles
tangent at the egocenter and oriented as a pair of wings,
{2) at an altitude equal to the radius of +the generating
circle, the ground contour (appropriate to the angular speed
defined Ly the circle) has its greatest fore to aft =2xtent,
and (3) at an altitude equal tc¢ the diameter of the
gencerating circle, the corntour reduces to a point.
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A few words of caution are in order. The akove three
contours of Whiteside and Samuel <correspond to only one
particular angular speed. There 1s rot one torus Lut a

family of tori, one for each ratio of path speed and
intended angular speed. At zero altitude, all contcurs will
be figqures eight, but at a particular non-zero altitude,
only one torus will intersect the ground plane at a point,
all others generate a fawily of iso-angular speed contours.

Hhiteside and Samuel do not give the formal equations
for the toroidal analysis, but they do give a diagrammatic
justification for their angular speed expression. Their main
interest was in discussing the "klur =zone"™ which is an
alleged r=gion in which angular speeds are too grzat for
objects to be seen clearly. They discuss the proplea of
determining tlur thresholds tut do not give any values.
Presumably some blur threshold value would be wused to
calculate a threshold torus which would then dszmarcate
between regions of blur and noa-blur. They avcknowledged
that actual Lkoundaries may have to ke scmevhat empirically
adjusted. Whatever the merit or lack of merit of their blur
zone discussion, the introduction of the toroidal angular
speed surfac=z 1s a major contributicn tc the study of the
flow pattern.

summary of Angular Speed Findings

The concept of iso-angular speed contour and the allied
concepts of klur zone and 2zon0e of nonperceptikle motion
2merged as the dominant themes of the 1960's studies of the
flow pattern. Although tha studiss of the 1970's show a
marked change of emphasis and attention, these three
concepts remain alive today and numerous thecretical and
enpirical questions remajin unanswvered. As a flow patterxn
descriptive concept, anqular speed is very gerzmape to this
repert and it 1is avpropriate to take stock now of what has
been learned.

The allied zone concepts are not actually flow pattern
descriptive but rather are psychological hypotheses atout
motion perception. As such, they are not germane to this
report, but since th2y motivated the descriptive studies, a
brief treatment is not totally irrelevant. The treatnent
has two facets. One facet examines what the 1960's studies
said, and the other facet, in the npext section, what they,
aud later studies, did not say. That 1is, several hidden
assumptions will be brought to light,




“gomotion Flow Pattern 16

1. M#Hinimum angular speed. The pinimum angular speed
possible is zero. The inventory given here is from the

1950's (Gibson, 1950) but is included here for completeness.
The ground point toward which the okserver is heading and
tke point frow which the observer is directly headed away
both have zero angqular speeds. In addition, all ground
points infinitely far from the observer have associated
optical speeds ¢f zero. Thesz points constitute the horizon.

2. Maximal anqular speegd. Optically, angular speed 1is
zero at the focus of expansion, increases to some maximal
value along each flow line, and then decreases Lack to zero
at the horizon. Environmentaliy, these flow 1lines
correspond to straight lines emanating frowm the aim point
and continuing to infinity. These facts were pictorially
illustrated in Figure 3 of Gibson, Olum and Rosenblatt and
Figqure 58 of Gikson (1950). Schreiber (Havron, 1962)
determined that the set of ground points which correspond to
the relative wmaximnus angular speed on each flow line form a

circle (the ridgeline) on the ground. The <c¢enter of tais
circle is at the aim point and 1ts radius is egual to the
path distance fketween the observer and the aim point. In

particular, the fastest angular speed of all i1s set Ltack
from the directly belov of the observer Lty half the path
angle.

3. Iso—~apqular speed contours: A conjecture. Although
Whiteside and Samucl only discuss the contours TtTesulting
from the intersection of a flat ground plane and the
iso—anqgular speed tori generated during level flight, it is
reasonable to hypothesize that all iso~angular sgeed
contours are special subsets of isco-angular speed surfaces.
These are proktably all zero-hole tori with their orientation
determined Ly the direction of egomotion. However, the
intersacting surfaces can be syrfaces other than a ({flat
ground plane such as mountain slopes, rolling hills, mpesas,
and winding valleys. Tf the ground surface is
mathematically specified aund 1f the path direction is given,
then the exact iso-angular speed contours can be determined
both ip the =nvironment and on any projection surface, fixed
or rotating. Hence, Whiteside and Samuel’s torocidal insigmnt
can Le used to more exactly determine Schreilker's three
types of contours for flat grounds and to generalize the
descriptive analysis to more gJgeneral situations.

The toroidal approach <c¢an also also be used to
determine maximal flow rates since the diameters of the
generating circles are inpversely related to flow rate.

LA TR ]
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4. Alleqed perceptually sijnificant zones. The concapt
of iso-angular speed is a gzometric concept ard does not
depend on psychology for its definition aud gGeoaetlric
significance. However, some researchers have ascribed a
layer of perceptual significance to particular isc-angular
sreeds.

a. Zone of nonperceptible flow. Geometrically, only
the £foci of optical expansion and contraction and all
horizon points have =zZero angu.ar 3peeds. Ground points
"near" these points have small but non~zero angular spesds.
Hence, sore researchers have argued that, due to threshold
limitations, these small speeds are perceptually
indistiaguishable from zero flow aumd an <arly ccncsrp was
the determination of a zone of ncnperceptikle flow. In
particular, Havron devotad considsrable effort to the
problem of selecting thzs oaonperceptible motion thresholds
from +the existing (object motion) literature. He then
presented (1962, Figur= 3} a typical pilot's eye view of a
runway wvith iso-flow curves superiaposed on 1t. An
interesting feature is that he provides the zone demarcation
for toth daytime (10 amins/s) and nighttims (3¢ min/s) vision.

b. Blur zone. Besidaes Ekeing too =low to b2 seen,
motion may ke too fast and iaducs blur. Although Calverttis

"streamers" amight Dbe associated with blur =2ffects, Snyder
was the first to formally analyze the iso-angular speed
contours demarcating tlur and non-tlur zones during level
flight. He used a "good" blur +threshold value of 30 deg/s
and &lso a possible Llur threshold value of 15 d=2g/s.
Whiteside and Samuel in their paper =entitled "Blur Zone"
simply asserted that there aust te a Llur 2zone due to
threshold considerations but +they did not provide any
values.

C. Zone of perceptible flow. If the zone concept 1s

valid, in between the zones of nonperceptible flow and blur,
there is presumably a zone of perceptible flow. The point
ker2 is that thesre should bhe threz classes of zone, ot
three zornes. Por a very steep angle of approcach, there migh*
be tvo no-fiow zones: one around the horizon and one around
the aiam point. Por shallow angles of approach, these two
zone might meld into one.
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Critique of the 1960's Studies

The studies of the 1960's resulted in major advances in
the description of the egomotion flow pattern. Nevertheless,
there are a number of points a modern reader should be aware
of:

Independence of studies. Saeveral of the studies were
conducted independently of those that came before them.
This 1is not surprizing since Havron's and Snyder's work
appeared in Techopical Beports and hence were not as readily
avallable nor as widely disseminated as journal articles
might have been. The effects, however, are a duplication of
effort and a lack of continuity in the literature.

Confusion of speed and velocity. Many writers refer to
iso— {angular)-velocity contours wvhen in fact they are really
referring +to 1iso-speed contours. Failure to ©properly
distinguish between veloci*y and speed 1is, unfortunately,
very characteristic of the early flow pattern litzrature.

Confusion of retinal anpd optic array flow. The
ascription of perceptual significaace to angular speeds as
50 far described makes several untenatle assumptioans.
Perceptual motion thresholds are generally referred +to the
retina. Implicitly at least, it has keen assumed that the
retinal flow pattern 1is equivalent to the optic array flow
pattern. But this is true only whkeu the eye is not rotating
relative to the environment. Any eye rotation, slow or
fast, will alter the pattern of retinal anqular speeds (sse
the discussion later in this report). Iu particular, any
firation on a ground point results in 2 slow &Yye 1>tation
apd produces a zero retinal flow for that point. Hei:ce, no
fixated object will blur due to egomotion. Qnly when the eye
fixatss on the hoLizoun 15 there a chance that the two flow
patterns will be ejual. But, 1in general, eye wmovements of
all kinds will destroy the equivalence and angular speed
values in th2 array will not be the same as on the retina.

Uncritical acceptance of the threshold copcept. Even
if angular speed 1is refarred to the retina, asking whether a
particular speed 1s above a threshold value presupposes the
validity of the threshold concept. There are three problens
with this supposition: (1) The most g2neral proklems abkout
thresholds are those discussed by Signal Detection
Theorists. These are well kunown and will not Le developed
here. (2) The second problem with the application of the
threshold councept, assumlng it has auy utility at all, |is
with the adassumption that threshold values obtainad for
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Egoaotion Flow Pattern 19

okject rotlocn are Ceievant for egomotion purgoses.
Threshold values are extremely coutext sensitive and the
flow pattern is essentialliy a set Of complex @motion
interdependencies among a large agygregate of points, 1f
threshold values are desired, +they should t2 oktained using
the very £low pattern for which they are to ke used. (3) The
third prokblem with the thresiold corcept is the assumption
of a sharp demarcation line lLetwe the perceptual zones.
It is more yreasonable to assum2 a gracual tramsiticn frow mno
perceptible flow to perceptible flow ¢or from non-blur to
Elur. Remembar that any eycmovement or eyz fixation directed
at the zone or zone boundary immediately alters the retinal
flow valuzs. This, of <course, wundecmines the original
situation.

Early 1970s Descripticas

The 1970s brought some rediscoveries ©bDut also some new
refinements and directions in th2 study of +the optical
concomitants of egomotion. The early 1970s were concernad
primarily with optical description whersas the later 19703
Saw 4 growing concearn with d2monstrating optical
information. However, the distinction between optical
description in the sense of an environment to optic array
apploy and optical information in the scnse of the inverse
optic array to eanvironument/observer state mapping was Lot
Y=t realized.

Description of Local Scene Element Effects

This lack of distinction is seen in a descriptive and
perceptually speculative stuay Sy Naish (1977) eutitled
"Control information in visual flightn. Naish's study is
noteworthy ip two respects: Frirst, the descriptive aspects
are markedly Jdiffcrent from those of the studiesg ravizwed so
far, and second, despite the confusion of descrivtion and
information, the ©perceptually spsculative aspects contain
many 1lnteresting hypotheses about gilot's actual use of
optical ianformation.

Naish differed from previous researchers in that he was
not priearily interested 1in either the geometry or
perceptior of egomotin as such, but rather in manual control
ptoblens encountered by pilots wmaking a2  landing approach.
For a pilot to make a controllied landiny, he must ke able to
detect vehicle movement. Hence Naish was interestad in the
relationship of egomotion induced visual scen2 changas to
the "known" visual sepsitivity of humans. He r2asoun=d that
not all visual scens: changes proceed at the same rata.s AT a
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givan iustaunt, some changes might ke below, othars just
above, and still others greatly aktove threshold. Thus, he
concluded that all sources of information are not ejually
perceptatle, and hence might £e rank ordered on this basis
into a hierarchy of usefulneass for manual control tasks.

In c¢rder to help isolate sourcas of information he
restricted the visual scene 40 a fronto-parallel view of a
runvay outline and a horizon line. de then identified four
classes of "visual effects" of descent and lateral egomotion
on the simplified scene: (1) The perspectival inclipation
of the sides of the runway change depending on the pilot's
height and lateral offset frouw the runwvay. (2) The outliane
of the runway undergoes csxpansion during <gomotion. e does
give an <xpression for the rate of angular expansion but
linits it to apply only to the optical width of the runway
rath=2r than as an «xpression for the angular speed of any

ground elenmsnt. In general, the greater the rate of
axpansion, the closer the runway. (3) The visual sizge of
the runway changes as a result of the cxpansion. In
genzral, the gr=ater the angular size, the cioser the
runway. (4) Each runway 1liue undergoes apparent rotation

as a result of the changes in 1nclination due to tha lateral
and height chenges during egoaotion.

Naish provided gquantitative sYrressions  or  thege
effects as a function of a pilot's lateral apd vertical
position ard eqgomotion. de 2valuated these expressions using

typical ianding wvalues, and then compared the results
against typical tareshold values. In this way, he proposed a
speculative rank ordering of detectabkility arnd, hence,
presuned usefulness for both lateral and vertical control
tasks. In particuliar, he speaculated that for lateral
control, lnclination <2ffects are La2st, wvhereas vrotation
effects are worst. And that for vertical control, s5ize

effects are best whercas ey pansion and rotation «ffects
provide no useabls infeormation.

Several points umust ke kept ip mind when considecing
Naish's speculation about the relative uysefullness of
different sources of information:

1. The sources of inforpation and the visual effacts
are discussed only for a highly simplified and sch=zmatic
outline scen2. Such a scen2 can resemtle a real nighttiae
landing. That day lanrdings are =2asier indicates there are
usable sourcaes of information 1ia the richer sceues not
copsidered by VNaish,

2. Althouygh other reszarchers have identificd sweveral
tasks tor th: guidance of e«jomotiun (2.y., Gibson's, 1958,
tasks of stesriny, storping, =2tc.), Palsh concentrated on
one task, steering, and analyzed it into separate subtasks
of lateral and vertical countrol,
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3. Whereas others have identified some optical
concomitant for a particular egomotion aspect, Naish
identified several concorpitants for toth lateral and
vertical egomotion.

4. That the different sources of information for the
same aspect may not be equally useful is an iuportant
psychological problem and traces kack to attempts to raunk
order the classical «cues for size and depth percaption.
Naish's attempt to do this for egomotion is interestirg but
needs discussion: (a) It is not clear that threshold values
taken from the non-egomotion literature may be legitirately
applied to the perception of egomotion. (b) Even 1if new
thresholds were obtained using his schematic scene, the new
valiyes still may not he appropriate to rich natural scene
egomotion, (c) Llastly, it is further not <clear that
detactability thresholds are an appropriate rank ordering
device for uytility or usaye especially in dealing with
greatly suprathcreshold scenes. However, Naish's point that
not all scene aspects are detectable until late in 2 landing
approach is iamportant.

5a Deterninations of da2tectability and utility are
empirical rather than gecmetrical. That such questions are
not easily answerel 1is evidenced by our current incomplate
understanaing of heading perception inspite of sSeveral
empirical studies (Llew=llym, 1971; Johnston, White, &
Cumming, 1973; Warren, 1976; Regar & Beverley, 197%, 1981;
Riemersma, 1981).

In coaclusion, Naish's analysis raises several
important issues and that is one reason for the 3pace given
it here, Unfortunately., his analysis appeared in a
control-theory proceedings and was not cited in the

egomotion literature until recently.

Byplicit Vector Description

Naish's analysis of the optical concomitants of
egosotion is atypical and represents a departure from the
"painstrean" descriptive studies. The mainstream 1is
characterized by concern with describing the giokal optical
flow pattern induced hy rectilinear travel towards or along
any arbitrarily textured endless flat surface. From the
start (Gibson, 1947), the flow pat:icrn was deen~d to Le a
velocity vector field, and geometrical techpniques were used
to schematically depict both the vector directions and
magnitudes.

A5 shown in the review of the studies of the 1950s aud
19605, there was great interest and progr2ss in

T
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mathematically spacifying the pmagnitudsz of the angular
velocity vector associated with each environmental ©point.
Surprizingly, no studiss reviewed here were concernad with
mathematically specifying the vectors themselves until those
of Nakayama and Loogis (1974) and Lee (1974).

Nakavama and Loomis reviewed and capitalized on several
previous insights im preparing their description of the flow
pattern. Ore insight was Gibson's distinction heatween optic
array versus human retina retferred flow description. Crtic
array description 1is gaze line independent whereas retinal
flow description depends on the gaze line and chnanges of

gaze ldine, The wvalue of this distinction is best s<en in
descriptrons of retinal flow under eyemovaments and
curvilinear =gomotion, Nakayama and Loomis did include a
major analysis of rotation effects in their vector

description but that is not r=viewed hers.

The second 1insight they discuss2d is Gordon's ({1965)
use of the concepts of *"instantaneous positional fizld" and
"instantarneous velocity fi2ld" for description. Gordan
hiaself did not provide total vector specifications although
ke did providz th= aziruth and elevation rat<c c¢ocponents
individually.

A ¥ oaA A

Nakayawa aad Loowmis did nobt vursu= Gordons azimuyth and
elevation system but rather capitalized oa a very
simplifying (tut npot simplistic) 1insight of Whiteside and
Samuel (1970): Specifically, all optical elements flow

along constant meridian or qr=2at cicgcle paths on a unit
projection sphere during rectilinear e&gomotion. This means
that the¢ total change of position o0f an element 1is
describable solely as a change in the eleaent's eccentricity
along the constant meridian path. Thus, Nakayama apd Loonmis
were led to us<¢ a meridian and eccentricity srherical

coordinate systen, and further, to use Whitesids .and
Samnel's compact expressicn for total angular speed ((S5/r)
sin EC, in ths

notation of this paper).

Conments on the apalysis of Nakayama apd Leomis.
¥akayama and Loomis's derivation of the wvector directions
and vector magnitudes 1is clear and explicit. They proviie
both a spocification ip terwms of meridian and eccentricity
¢nd also a transformation +*to Cartesian coordinates. Theirs
is a hiyhly signritficant analysis 1in the history of research
ou zgomotion and the following polnts should ke noted:

1. Their choice of a meridian and cccentricity
coordinatz systew was motivated by the siaplicity of ¢the
description of optical effects during recctilinear egouncoticu.
Howzver, a wmajor part of their study was concerned with
rnotation effects and it is 1nteresting to note that Gordon's
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statad reason for preterring to descrike azimuth anpd
elavation effects separately, rather than total effects, was
because of the advantages for descrikting <the =ffects of
rotations.

2. Nakayama and Loomis*s choice, however, meant that
there vwas nro problem as to how to combine the meridian and
eccentricity speed components to yield total angular speed
during rectilinear egomotion: Sinc2 here the meridian speed
component is zero, total angqular speed is due entirely to
the eccentricity anqular speed., Thus, Nakayama and Loonis's
(actually, Whiteside acnd Saruel's) expression for total
angular speed is correct and they avoided Gordon's mistake
iun determining total angular speed. Fecall that total
anqular speed is not determinsd by the Cartesian version of
the distancz formula if the componznts are given in
spherical cocrdinates. Orce implication is that total angular
speed in the presance of rotation 1is not given Lty Whiteside
and Sanuel's expression sinoce then both awmeridian and
eccentricity angular vel<city components are non-zero, and
further, caution must te takern in combining these spherical
coosrdinate copponents.

3. Althouyh Nakayama and looris give credit to
Whitoside and Sanuel for the use of meridiau and
eccentricity coordinates and the simple 2xpression for total
anqular speed, the same results may ke found in Gibson, Clum
and Roserblatt (195)5) but in a highly otfuscated form.
Whiteside aud Samuel do dessrve c¢redit for their clarity of
exposition.

4. The expression, op = (E/r) sin EC, although quite
simple in forw, 1is not really an optic array description
since angular spzed is not given as a function of purely
optical variables. Specifically, neither r, the distance to
a ground element, or (S/r), path sp2ed divided by point
distance, are optiC array parameters. Furthur, this
espression, although correct, can Le misleading in that a
cursory reading might suggest that angular speed depends on
eccentricity but npot peridiau. Actually, angular sp=ed
depends on both and this can be seen in an all optical
varialble expression as presented in a following section.

Y. The simple expression for angular speed is correct
tor travel at any angle to a surface. However, puch of
Nakayama aand Loomis! davelopment and discussion is
appropriate to level travel or trave]l at 4 constant
altitude. Specifically, in developing their expression for
the anguiar velocity vector (their Eq. A1), they take
advantage of a simplification resultinj from aligning the
direction of traval vector with the X-axis. Eaclier they
estatlisled the X-axis as parallel to the ground. Tt is
straightforward, albeit cumbersome, to replace their
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direction of travel vector, (1,0,0), with a nrore general
unit direction vector., The resulting more geperal
axpression is also more complex.

6. The "om=2ga-T" vector they 1identify as the "angular
velocity vector" is tangent to a wunit sphere at the optical
location of a point in the environment, apd thus, their
om2ga-T vector points in the instantanéous direction of the
optical flov and has a magnitnde egual to the total anqular
sp22d of the point. This particular specification 3eems very
reasonable for descriking the flow field., However, in
standard kipnematic analysis, angulag velocity v=2ctorg are

oriented along the axis of rotation and oot the
instantaneous direction of wmovement. Hence, the standard

angular velocity vector would be oriented 90 degrzes fron
Nakayama and Loouis' T and omega~-T vectors 1in thelr Figure
A1 and, instead, would Lbe oriented along their N vector.

7. If conveying instantanecus diraction of optical
moverent 1is primary, the the direction of their T and
omega~T vectors 13 correct. The nragnitude generally

ascribed to a taugent vector in kinematic analysis 1is *he
tangential coerponent of speed which 1s eyual to the angular
sp=el times the distance to the point of tamgsncy. Cn a unit
sphere, *this distance is one so the length of such a tangent
vector 1S indeed =gual to the angular spe2d. But this is not
true for tangent vectors at other than unit distance frop
the =2gocenter.

8. Nakayama and Loomis' study is clear, explicit, ana
contains many more ideas than are discussed here. With
respect to description, they also analyze the effects of
pure rotation and rotation combip2d4 with translation. GOing
beyond descriptive analysis, they provide an expression for
relative distanc? information throughout the terrain as a
function of only optical parameters (their Eq. 4). They
further propose a oneuaropal model for extracting depth
information from the flow pattern. In ccnclusion, their
study 1is one of the aost significant in the study of
egomotion. The discussion here is meant to build upon their
foundation.

A Cylindrical Coordinate Analysis

Almpost all rodels of the optic array use a spherical
projection surface. fThis is partially because of the shape
of the retina, but a better reason is that lines and reqiormns
on a sphere directly anld naturally pip into aangles, and the
optic array may be defined as a4 set of angular
relationships. However, since what ultimately matters is
tke angular relationships, any analytic systes that can be
trausformed into those relationships may Le uscful.
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As demonstrated Ly Lee (1374), a particularly useful -
system for amalyzing rectili.ear egomotion iIs Lased on a
cylindrical projection surface. This is Lbecause the great
circle meridian flow paths on a sphere tecoms a set of
parallel straight lines on the cylinder if the axis of the
cylinder is aligned with the rectilinear egomotion path.
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In order to describe the optical eifects of egomotion,
Lee also used the concepts of positiornal and velocity vec*or
fields. Simplifying his motution somewhat: 1let 2 and z be
enviromental and projected forward distances respectively, 2
be path velccity of the observer, 2 ke the projacted
velocity of a point, v be the «cylindrical polar angle
corresponding to spherical wmeridian, and & be the rate of
change of a. Then, for an optic e2lement, the optical
position vector is represented as (o, 2z) and the projocted
velocity vector as (&, %2). (The usual third «cylipdrical
coordinate, R, is Mlost" in projecting onto a cylinder of
radius R = 1.)
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Lee defines the optical flow pattern as the 'set of

velocitizs Of optic =2lements nast positions on the o
cylinrical optic projection sgrface" (p- <253), and this is
symoelized iy the set (§, Z). Since Lee restricts his

analysis to rectilinear egomction and, wmoreover, to level
egomotion at a constant altitude, @& =quals zaro, and the
projected velocity vector hecomes girn i '
no value tor Z has yat teen given.
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For purpcses of description, this cylindrical systen
does not seem iamediately preferalkle to a spherical one. 0On
the positive side, it is interesting to see that ths optical
tlow paths form straight lines on a cylinder uring
rectilirearc egomotion. For more complex egopotion, however,
the simplicity is lost, and even for rectilinear egomotion
it is desiratle to translate back +to a set of angular
relationsilps.

.4

But Lee's study was not concerned only with describing
the flov patt2rn. JInst=zad, he was primarily concerned with
demonstrating the existence of information for rectilinear b
egomotion through a rigid eavironment. For that purpose, the
cylindrical system does have considerable power. Although it
is not tho purpous? of this review to discuss the information
in the flow pattern, soame of his information analysis 1s
presented because it does have a deccriptive component.
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Lee beagins by "determining three geperal ‘'rigidity’
properties of the optic-velocity field that necessarily
result from ... rectilinear locomotion through agny rigid
environment." (p. 256, emphasis his):

N, T - . o -_.., ]
Y .,'_;_:']' N
EOBCSP AR I P

s P

‘ )
. I
[P




Eqgqomotion Flow Pattern 26

Rigidity Property 1I. On a «cylipdrical projection
sarface, all optic elemants move in a comumon direction along
flow lines parallel to the egomoticn path. The comaon
direction 1is opposite to that of the -egomotion. This
pattern, Lee points out, is equivalent to the vadial flov on
a sphere.

Rigidity Property II. If the observer moves with
environmental velocity and acceleration . and_ the
ﬁorrespondinq projected velocity and acceleration is 2z and
2, then

(Y} L

2/% = 2/% = a constant

for all optical positions. This expression is his Ey. 8 but
in a simplifiaed notatiou. The ratio is a constant Etecause %
and 7 refer to observer motion and rust have unique values
at any given instant. It follows that if the 2gomotion is
constant, them all projected velocities are coustant but not
necessarily =qual at e€ach optical position. That is, the
projected velocity at a given ortical position never
changes.

Rigidity Prorerty IIX. This property is concerned with
th= accretioan/del2tion of optical texture e€lements due to
occlusion of farther environmental foints bty nearer points
if the enviroament is5 oot flat. Lee notes that, along a
giveu flow line, faster optical elements will temporarily
overtake and hide slowver elemants.

Thesz thre= rigidity properties are actually
descriptions of necessary optical effacts of rectilinear
egomotion through a rigid eanvironment and as such are
relevant here. Lee turned the descriptive anmalysis into an
information apalysis by claiaming that the converse 1is also
true. He arqued that an optic f£low pattern having beth
rigidity proverties I and I1I specifies tectilinear
egomotion through a rigid envircepnment and that a pattera
having rigidity property I by itself specifies rectilinear
egonotion.

He aiso considered the problem of information about the
environmant as such. His demonstration (p. 260) that for
rectilinear eqgomotion at a constant altitude, H, over a flat
ground, & = 8, and

2 = (Z/H) cos e

is of intarest here. Daescriptively, this equation indicates
that flow i5 a joimt function of two factors: One 1is
projected (h2re cylindrical) position and the otker is the
ratio (Z/il) which is simply ego velocity scaled in eyeheight
units. The significauce of this 9ill be discussed later.
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This equation also indicates that projected velocity on the
surtace nf a c¢ylindar varies across flow lines (determined
L7 the o) but that all flow along a particuiar flow line is

constant, This <contrasts sharply with the radial flow
pattzrn on a sphere in which flow varies with both the flocw
line {ueridian) and position on the flow line

(erccentricity).

keturning to the information analysis, Lee then
dezmonstrates that the epviroamsntal cylindrical coorldinates
of a point may be determined from the projected or optical
relationskips but rescaled 1a units of eyzheight H. He notes
that, for a particular animal whose =yeheight is constant
during locoamotion, tke flow pattern makes davailakle body
scaled information about the environment. Of courseé, the
body scaling i5 no longer true ir ey2height changes as with
birds, but that all is scaled relative to the ipstantanecus
ayehelgat remainsg true.

Lee also discussed the 1information available for such
diverse topics as the velocity and acceleratioa of the
observer, object wmotion, obstacles in the path, and
controlled traking (also in Lee, 1976). The range of thesa
and the pr=avious topics makes I=e's analysis a most
significaut ona toth in providing fr=2sh insights 1in%to old
problems and in opening new territory for the study of
egomction. The wuith and power of a cylindrical analysis faor
both description and information analytic purposes 15 thus
well demonstrated. However, it should btz remembered that the
"final form™ of ap optic array analysis should be in teras
of angular relationships. For example, demonstrating that
flow lines on a cylinder are parallel and that flow alnoq a
line is constant is useful and insightful. But, the fact
remains that optic array angqular activity 135 of wvarying
speed along nonpuraliel radial lines.

Beasons for primacy of spherical descriptioa. The
differepce 1s umeither trivial nor dismissible by arguing
that opne system may bLe transformed to the other. The
spherical Systen is at least first apong equals
mathematically, biologically, and pnenomenologically:

1. psathematical =ceason. The wuse of a cylindrical
projection surface 1is justifiable for the case of

rectilinear egomotion with no rotatioa. ILf there 1s any need
to describe rovation eftzcts along a rectiliunear path, as in
shifting *the description froa the optic array to a rotating
retina, or 1if the path is cur—ilinear, then a spherical
projaction surface 1s g2nerally easier to use.
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2. Biological reason. Biologically, =2yes, including
compound =2yes, are spherical in structurs and this ifluences
the structure and operation of various pickup pechanisms
such as the center-surround mechanisn hypothesized by
Nakayama and Loomis. These can, ot course, operate on only

spherically realized patterns.

3. Phenomenocloqical reason. The pickup of ipformation
akout ego-environment states 1s accomplished by all manner

of sp=acies. The phenomenoloqgical awarenass and introspective
attitude occasionally and voluntarily r2alizable ty humaas
is not a necessary condition for information pickup.
Neverthelsss, phenonenoloqgy can te a powerful tool. The flow
pattern, when noticed, aprpears radial with clements varying
in apparent spesed along the fiow 1lines and this 1s
consistent with a spherical da2scription.

A Non-Technical Description

Cescriptions of the flow pattern have tspiad to
increase 1in technical complexity. An e2xception 1is a
nontechnical but still informative article Ly Hastrook
(1975) subtitled "Clues and cues to a safe touchdown" aad
intended for pilnts. He discassed the relative m2rits of
several features cf the flow pattern that migh%t ke of use on

a final approach. Of special intera2st ars two diagrams
composed of the superposition of several perspzcCtive views
of a ruwaway during a final approach. Cne dlagranm

¢orresponds to a straighteline three-degree flight path and
sho4s the superiuwposed views to form a family of nested,
progressively larger, trapezoids. The other corresponds to a
downward curved flight path aud shows the Superimposed views
to form a set of nonuaiformly proportioned, overlapping,
trapezoids. Diagyrams of this type are us=ful but they would
be more useful 1f the horizon were included and 1left
invariant. It should be noted that if an approach is aligned
to the center-line of the runway, then all trapezoidal
perspective views of a runway should be such that the long
sides of the runway converg= to the same vaaishing point and
that vanishing point 1s always on the horizon no matter what
tke flight angle, or distance out.

Information Analyses

Begipning with Lae (1974), the mid 1970s saw a decid«d
shift froam descriptive analysis to informatiou analysis.
Descriptive analyses are ccncerned with the <ffects of
ego-environmznt states on th2 optic array. Information
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analyses are concerned with the specification of
eqo-environment states given only optic array states and are
thus generally more complex than descriptive analyses since
they presupme a certain degree of previous description.

Information aralyses are briefly discussed here for two
Leasons: Tirst, not only does information analysis
presuppose soame description, 1in certain respects it 2xtends
and amplifi2s old dGoscriptions and also may reveal nevw
projective effects aad relations, that is, it can yield new
descriptions. This is well illustrated Lty Lee (1974). The
second reason is that i1t is a natural next-step after
description.

Problems and Strateqgies in Information Amalysis

The determination of information in the flow patttern
may be approached as two successiv2 subtprokblems. The first
is concerned with ascertaining the existence of jinformation
under the npost favorable mathzpatical counditions: The
environment 1is idealized, proj3ction 1s perfect, unolise is
non~-axist=zrnt, and texture elcaents sxist 1in whatever
quantity, density, and distribution as is mathematically
coavenient. The second 1is concerned with determining
ego-environaent states uuder the added realities of actually
occurring and therefore mathematically non-ideal optic
ALTLays. Such optic arrays nay have scarce and
"incopveniently™ located optical elements and, further, the
values of optical parameters may Le affected by unknown
amounts of noise from various sourc=2s (Zacharias, 1982).

Two s*rateqgies may be used to demonéXrate the existence
of information in idealized optic arrays. One strateqy 1s to
start witn optical variables such as angular extents and
anqgular rates of chang2 and then to show that some
functional combination of these rparameters yields a value
indicative of an ego-environment state (even if only to a
scale factor). Such an approach was utilized by Lee (1974).
It i5 . especially important in using this strategy to make
explicit any assumptions made about the envirgnment.

A s2cond strategy 1s based on the mathematical argument
that a system is characterized by its invariants under
traansformations. Gibson (€.g., 1966) used this principle as
a basis for his perceptual theory. e porceive a stable
envirooment despite a nighly transforminog retinal image
because the perceptual system 1s adapted for extract.ng
invariants under the transformations. The invariants are
assumed to be the basis for the optical specification of
ego-environment states. Gibson's analysis, however s2aminal,
vas informal and intuitive. His examples of invariarnts wers
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never precisz mathematical expressions nor was the optical
specification formally demonstrated.

Both of thes2 stratagies for mathematicaslly determining
the information in the flow pattern take as theilr starting
point a set of values of optic array paramet=2rs such as
optical positions, extents, and velcocities. How theése values
are "supplied" to the derivation and analysis of those
“operators" is not Televant to the derivation and analysis
of those operators. However, it is natural to also coansider
hos a real biological or computer vision system could
determine ego-environment states from the 1light coming to a
moving receptor surfacs., Accordingly, a punber of studies
primarily coocerned with computar vision, artificial
intelligence, and biological extraction nechanisms have
studied the vroblem of deatermining the values of the optical
parameters from the flow field. Hence, puch of the
lit=rature, especially that on computer vision, 1s at l=ast
of collateral interest.

The studies of invariants hava gsnerally antedated the
studies on flow value realization which, in turn, generally
antedat2 thos2 on information in aaqular relaticnships. The
order is retlected in the following discussion.

Information from Invariants in Flow

————

A rigorous analysis of the invariants and singularities
cf the flow pattern and their information sSignificamce has
been provided by Koenderink and van Doorm (1975, 1976 a,
1576 b, 1981) . Their ¢reatm=2nt 1is general, highly
sophisticated, and as an information apalysis, Leyond the
scope of this reviesw. However, several features are of
interest:

1. The scope of their analysis 1is very Jerneral and
applies to ths flow pattern (or "motion parallax field" as
they call it) arising from the wovement of rigid kodies as
well as of an observer.

2. Since the flow pattern arisiaqg from the relative
movement of an object and ohbserver need affect only a small
region of the optic array, they carefully develop an
analysis appropriate to the local as opposed to tha global
structure of the flow pattern, They are apparently the first
to do this.

3. Anocther novel feature of their analysis 1is that they
decomppose th2 potion parallax field 1into elementary
component £ields and separately analyze them. In particular,
thay identify a lamellar or curl-free component field as the
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specifier of the translation of the cobserver. (This is the
"exterospecific conponent® of the wotiomn parallax field
discussed Lty Koenderink and van CLCoorn, 1981.) Another
component field, the s30lenoidal or source-free field, 1is
indicative of rotation. The importance of the decomposition
is that effects due to rotation, such as eye movements, can
always be subtracted out and the information for translatory
egomotion ke separately mathematically appraised.

4. The appraisal canm also be done, they suggest, by
elementary biological detector mechanisms as are now thought
to exist. TIf this 15 true, the information for egomoticn as
such can D=2 biologically extractad siaply and the
information for ey movepments partialed out. It 1s worth
emphasizing that simplicity of «coaplexity of kEkiological
realization in perception is independent of the simplicity
or complaxity of the mathematical analysis related to the
process.

5. Their mathematical apnalysis used such vector
calculus concepts as the gradient of a3 scaler field and the
divergernce ard curl of a vector field. One very important
property of the gradient, divergence, and curl (and their
functional combinations) 1s that th2y are invariant over

transformation of coordinates. Hence, the coordinate systen
and the origin of ths gysten may be <chosen ful couvenlence
without affecting the results. The invariance of the
gradient, divergence, and curl mesans that they are powerful
concepts for description as well as for information
analysis.

6. The terms "gradient", "divergence", and '"curl' are
in standard mathematical usage and have pracise mathematical
significance. Koenderink and van Doorn (1976 a, 1981) point
out that the usage of the terms ‘'gradient" ty Gitson and
“parallax curi" by Gordon is intuitive and informal, but
without unambiquous mathepatical mganicg. The informality of
psychological languazge need not pose any sSerious probleas
when comnpared w«with the vrigor of mathematical lanquage as
long as the intended referents are essantially the sane.
If, however, +the same term has different wmeaning for each
dicipline then unuecessary misunderstandings may arisa. For
exanmple, Koenderink and van Doorn (1976 a, 1381) point out
that Gibson's "focus of optical expansion'" does not coincide
with the locus of maximua divergence. Tha discrepancy is on=2
of nomenclature oply since each referent has 1its own
behaviior and significance. All prctlems would disappear if
two separate terms sere mutually agreed to.

7. But there 1is a deeper issue here; Althougtk
mathematics may nave more precise aefipnitions and a more
anci=2nt clain on particular taras, it does not follow that

the phenomenon being studied by a psychologist is
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necessarily illegitimate simply Lecause of its naming or
misnaming. Psychological significance is determined &by
psychological inguiry. A recent exanmple, also involving the
term “divergence", 1s an interesting perceptual study of the
*blur™® of the flow pattern by Harrinton and Harrington
(1981) and .arrington, Harrington, Wilkins, and Koh (1980).
Th= blur they refer to 1s sSupposedly due to retinal
resolution problems in processing optical flow. A Lbetter
term might be optical traces induced by short periods of
optical flow. They define "divergence" as the angle Letween
the extreme left-most and right-most Llur lines 1in a
display. One problem with this definition is that a larger
display means larger divergences. Other proklenms due to
their terms are discussed Ly Prazdny (1982). Whatever, the
terminological probiems, th2ir study has defipit2 percaptual
merit and does broaden our understanding of percsption
involving the egomotion flow pattern.

Extraction o¢f Optical Plow Yalues

The basic raw 1nput available +to a biclogical or
computer vislon System 15 a structures, tipe-varying,
two—-dimersional distribution of light enargy falling across
its receptor surface. ToOL au extenslve CAVIEW Ot the
literature on how such systems analyze sotion from
tipe-varying en=2rgy distributions sese Ullman (1981). Ct
particular interest with respect to the mathematical
determination of optical flow are the works of Ballard and
Brown (1982), Horm and Schunck (1980), Marr (7981), and
Ullman (1979).

Information Prom Angqular Relatiopnships

The references c¢ited here tend to Lte falrly recent.
This is so tecause throughout the history of perception, it
was generally assumed that the retinal image underdetermined
the environnment. That there was a possibility of, indeed a
theoretical and ©practical demand for, demonstrating a
mathematical specification of «ego-environzent states from
the set of angular relationships in the optic array was
realized first in the perceptual literature with the rise 1iu
interest in ecological optics (=.g9., Gilbson, 1950; Hay,
1966), and later, in the computer vision literature with the
rise in interest 1o automatic 1image processing (see Ballard
& Brown, 1982). In general, computer visicon oriented studies
have Lteen wmost detailed and explicit because of the
necassity of writinjy operationa«l algorithms. Psychological
research has tended to Le content with M"in principal"
arguu=2uts,
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Studies utilizing optical flow fields apnd primarvily
interested in demonstrating information about the
environment include those by Clecksin (1980), doffman
(1980y, 5. Prazdny (1981), and Yllman (1979). Studies
utilizing flow fields and showing an additiconal significant
cuncern with =a2goaotion are rarer, Longuet-Higgins and K.
Prazdny {(1980) have show that "an okserver can in princgiple
determine the structure of a rigid scene and his direction
of motion relative to it from the ipstapntaneous retinal
velocity field" (p. 394, 2nphasis theirs). A realization
based on thesir equations requires sensitivity to the first
and second spatial derivatives of ths retinai veloclity
field.

K. Prazdny (1980) provides a ciear, explzcit, and
useful stuay which has the virtue of Lkridging the perceptual
and «conmputer vision 1literatures. Although his primary

concern is with demonstrating optical specification in a4
fora suitatble for computer implementation, his desculptive
system 1S notewosrthy,. 1t is essa2ntially an extension on
Nakayama and Loomis' ©Dbut further distinquishes Latwean
"retipnal'" veonlcity and angular velocity vectors. The angular
velocity vectors are 3-dimensional and are these axial
vectors cf standard kinematic analysis. The ¥"retina" i3 a
flat projection plape tangent to a unit spkere so  his
"retirnal" velocity vectors are 2~dimeasional and describe

motion on a flat projsction surface or  windowa The
development incorporates Dboth translatory and rotary
2gomotion.

One nice feature is the inclusion  of several

"instantaneous positional velocity fields" own the planar
retina representing various types of egomotion through

di1fferent environments. These ficw fi=ld depictions, aud
also those in Hora and Schunck (1980) arnd K. Prazdny (1982),
look very different frow those in Gibkson (1947, T950),
Gordon (1965, 1966), and Lee and Llishwman {(1977). The
diffarenc2 is that the ©rsgycheleogists szlect and &reay oL
point eguispaced in the environaent which theu becone
non~-equispaced on a "window" accordiug to the laws of

perspective, whareas the computer scientists tend to selact
points which are equispaced on the window or «compiier CRT
surface. Thus, psychologists depictions look "fariliar" aad
intuitive, whereas those of +the computer scizntists look
unfamliar since they depict an envircnm2at which Lncriases
in texture density away from the observer. Ilolhk depictions
are, however, correct on an individual eloment sasis,
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Later 1970s and Recent Descriptions

The shift in interest to inforamation analysis does not
mean trat descriptive analysis was totally atandonsd nor
that there is no further need for descripticn. What is
adequate description and information analysis for a coamputer
implementation may not ke adequate or appropriate tor human
oL 1nsect vision. Just d4s one may experiment with a computer
program to se¢e how it responds to a variety of inpu 3, one
may alsoc experiament with husans and 1insects. Desc)iptions
must L~ tailored not only to geometry Lkut also to « rking
systems and the tailoring 1s achieved by empirical research.

Wwha* follows is a discussion of several recent studies.
The suidivisious are tantative and are malnly to provide
sone structure, however arbitrary.

o i o

Descriptions for Optimal Control Modeling

Certain elements of controlling an airplane, espscially
during & lLandling approach, m@may be considered analojous to a
tracri.ng tasi. At any given moment, +the appacent visual
scens (e.g., the perspective view of a runway) ougjht to have
a certaln configuration (e.g., the persgectival outline of
Lo runway ought to Le Symaetric). Any deviation indicates
an error frowm a desired course (e.g9., a skewed, nonsymmetric
perspectival outline indicates that the approach is ot
straight in). Both the dogree and direction of deviation
from the ideal perspectival shape and the rate of change of
deviation can be used as sources of 1information for course
conptrol adjustments. 1This was th: lrasic cconcern of Naish's
(1971) dcscriptive analysis. Two other control~-informaticnh

o N

orientzd studies acrs by Grunwald a4&apd Machav (19746) and
Wewoerinke {1978) . Gruuwald and Mechav ygprovided a

fronto~paraliel iliustratiou of the flow pattern arising
tros  a curvilinsar pati. Fewerinke provided a detailed
descriptiou of the effects of lateral anl vertical motion on
the projective appearance of a runway. Eoth studiss
dgveloped optimal control theoretic aodels aud found
exypwrinental support for then.

Desvription four  purpouses of optlimal control tends to
emphasize changes 1iu particularc small but coherent
nou-pointalistic scene el2wmeuts such as  the perpectival
inclination of a runway edge aund further esphasizes the
future couseyuences of maintaining the current egomo+tion. Iu
contrast, inforwation analyses, such as those by Koenderink
and vau Jocern aud also by K. Frazdny, arbe cast in terms of
atbitrary euvirormental points or visual directions and not
in terms of specific scene 2lements such as ruuvay coutours.
The torn "local® structure of the flow finld, as used by the

R

A

. | A .
P U,

tor

[
P VNP,

ETEEE
B

L
Y YRR LRV

-

:
PREL LAY

LR RN
.&;‘—'“" G

T

T

==




Egomation Plcow Pattern 35

later authors, ref2rs to abstract points or directions and
their equally abstract geometric "“neighbtorhoods".

Lee and Visually Controlled Activity

Several recent studies by David L=2e (1980 a & b; Lee &
Reddish, 1981) are closely related to the optimal centrol
oricuted analyses. Lee's emphasis 1s on ideptifying sources
of information useful for the visual quidance of locomotion,
but no particular contrel mod21 is offerad.

Since all interesting egomotion wultimately involves an
approach to some thing or somz surface, a successful animal
pust he able to control its :peed in crder to achieve a
desired rasult such as stopping Just in front of, gently
contacting, or violently ramamning the ""target" depending on
1ts purpose. Lee arqu2s that a successfully controlled
approach involves ar animal's =sensitivity to time-to-contact
information whilck is optically availatle Ly @means of an
optic variatble he calls "tau" (Lee, 1976, 1980 b; Lee &
Reddish, 1981). 7Tim=-to-collision ic not new with Lee. For
example, Sir Fred Hoyle, the astrcnomer, derived the basic
relationship in a footnote to a scignce fiction Look (Hoyie,
1973, pp. 15-17).

Successfully controlled locomotion also entails the
aktility to follow routes and in particular to control
steering on curved paths. Lee points out that, whereas the
focus of expansion does opticdlly indicate the instantaneous
direction of travel, there is currently a gquestion about
humans' sa2usitivity to this source of heading information.
lie further argues that "knowing" one's instantancous heading
is not as important as staying on a curved road. Takihg the
ability to stay on a curved path as a generalized ability to
control heading, Lec¢ identifi<d a oew non-focus-of-expaasioun
source of optical neading information, namely, the dogree to
which the perspectival shape of 4 road conforms to the
curvilinear flow of optic clements atout the projection of
the road (Lee & Lishman, 1977). 1This source of information
is much larger inr terms of optical expanse than a mere
single point (such as the focus of expansion), and thus nay
be more perceptually useful.

In contrast to his @zarlier wuse of a «cylindrical
projection surface to describe optic array and retinal
activity, Lee's (1980 a & b) wore recent descriptive and
information analytic studies now utilize a flat projection
plane. Thus, Lea's retinal velocity vectors are th2 same as
K. Prazdny‘'s.
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Depth Perception During Egomotion

The optical flow field is, in general, the main optical
concomitant of egomotion. Particular aspects of the flow
field are also optical concoasitants of egomotion. Some
particular aspects may take the fora of invariaants or
noa~change in c2rtain ratios such as those studied by
Koenderink aud van Doormn, or systematic variaticn or change
in other ratios such as those studied ry Lee. So far, these
unchanging or changing ratios have been regarded as sources
of information for the aore "ege" or egoaotion side of the
€go-anvironmoent state giving ris= to the flow pattern.

But other ratios can he sSources 9f information for the
morz environm=2ntal side of the ego-environmental state. One
such ratio is the "subtense ratio®™ (ratio of the depression
angle between the horizon and the top of anm okbject and the
angle subtended by the obiject) which Harker and Jones
suggest can ke used to control low-level flight over a
non-flat terrain by providing a height metric. This ratio is
not strictly invariant =sp2cially at near distances and so
further analytic and psychophysical study is needed,

Their subtens2 ratio is a variant of the horizon ratio
discussed by Sedqgwick {(1373) as a wmeans of deteraininji which
oLjects in a frozen fi=ld of view (a sStatic scare or
picture) are higher or lower than an observer. Thus, an
interesting aspect of Harker and Jones' paper 1is that they
discuss the effects of egjomotion on optical ratios and
relationships which also exist in static optic arrays. HMost
other flow patteru aspects, including the flow pattern
itself, do not exist in a frozen opgtic acray.

Pinding other usaful sources of altitude information is

still an iaportant and even urgent task as accidents do
occur when height 1s underestimated (Kraft, 1978).

Evospeed

L{he problex of the perception of eguspeed. It was
arqued earlier that the description of the flow pattern is
not yet complete since descriptioun must te relevant to
perceptual experience as well as to Euclidian geometry. This
section 1is motivated Ly the proklem of determining the
information for the perception of egospeesd. For a reqularly
textured flat terrain, there 1s in fact a local source of
information everywhere in the lower hamisphere of the optic
array, namely, the local edge rate: To determinz ground
egospeed, sinply pick any reterence position in  the optic
array (2.9., a spudge wark on a winlscrecu, or edge of a
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wing) and count the number of ground texture elements, or
equivalently, edges, that optically pass the referent in ons
second. True ground egospeed scaled in edges per second is
thus available no mattaer what the altitude, direction c¢f
travel, or path angle,

Th=2 problem is that imn spite of the akbove iuformation,
the same physical ground speed may seem radically different
depeniing on one's altitude as evidenced Ly the fact tthat
travel over the same rtoad at the same sSpeed seems faster
fror a low sports car than from a high truck (see Figure 3).
At much faster speeds, travel in a high flying jet can seen
eilcruciatingly slow.

Global optical flow rate. To a2xpalin this, Warren
(1982} 1introduced the concept of global optical flow rate.
As s dJdemcnstrated in a later szction, in any
all-optical-variable expression for anqular sgeed, angular
speed is a function of just three factors: (1) a value
wholly dv«termined Ly optical position, (2) a value
d=termined ty the path angle, and (3) a scaling fictor

which is simply the egaspecd scaled in o
second.

since (Ss/h) is apolied egually at every optical locus,
Warren proposed calling it the "global optical flow rate”.
The glokal optical flow ratec may be used to compar2 activity
betwecen different optic arrays such as in Fiqure 3 in which
the array for the car is flowing, as a whole, twice as fast
as that for the truck. Global flow rate contrasts with th=
local flow ©rate which varies with optical position within
an argay. #arrs=n suggested that perceived eqospeed i3
determined, at least in part, b7 the glokal activity in an
optic array.

As a convenient reference, the global flow rate during

a brisk walk 1is about one eyeheight/sscc. Cars and trucks
typically travel between 10 to 20 eyeheights/sec +whereas
aircraft cruise hetween .16 and .03 eyeheights/sec. It is

instructive for the reader to verify that high speed, low
level flight increases the glohal optical flow only to that
of a fast car. Slow flow also arises in supertankers and
may te usetul in understanding the perceptual probleas in
maneuvaring these mammoths such as discususd Ly Wag=anaar
(1978). Control of fast jets and slow supertankers obviously
depends orn their response dymnamics, but the glolbal flow rate
may provide a tasis for a wupnified theory of perceprual
guidance and exparience.
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Glokal optical density. Iuspection of Figure 3 shows
that, at a particulac level of epviroprmental grain, the
optical demsity for the lower (car) array 1s sparser on the
vhole than that for the higher (truck) array. Warrcsn (1982)
proposed another global optic array descriptor, namely the
"global optical density" index given by

altitude , ground elecment size

vhich 1s sioply the nuaber of unit ground clewents required
to span one 2ya2heighkt distauce. Its units are thus "ground
units per eyeheight". The global density index 1s optical
position independent and may ke used to compare the global
densities hretween two arrays 45 a whole. It thus contras:s
with local optical dsusity which varies Wwith position within
anh optic arr4y.

For lavel travel, the produnct of glokal optical flow
rats and global density vyvield ground speed since the
altitude factors for each ind=x cancel.

Edge rare. Ths high correlation ketveen global optical
flow rate anrl perceived 2gospeed suggested by the examplzs
do2s not mcan that glokal flow 1s tk2 s0le determianant of
perceived cgogpond, Strong sunport for the influcuce of edge
ratn (the number o0f optical edjges crossing a given optical
locus in  unit time) 15 provided by & study in which the
spacing betw¥een lines across a road vas progressively
decreased (fenton, 1980). Constant spg22d travel over such a
rvuad vould #=2p the global flow rate constant while the edge
rate (here the rate at which stripes are r2ing traversed)
would progcessively accelerate. The 1acculerating edge rate
was dramatically =ffective 1in 1nducing drivers to reduce
their sperd.

Conclusions. The purpose here is not to d2cide ketween
possible optical bases for the percertion of egospeed, but
rather to introduce the concepts of glotal optical flow
rate, global optical density, and optical edgje rate as new
and possibly useful descriptors of +the egomotion optic
array. Attention 1is called to +{he contrast Letween these
more glocal concepts and the local nature of a single flow
vector and its wmagnitude. Even edye: rate is a glcbhal
descriptor since it depends not on one edge or oaptical
margin, Lut rather on the spacing reliationships across a
wuabcr of edges,
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GENERAL COMEENTS ON OPTICAL DESCRIPTIOH

The major conclusion after reviewing the literature is
that optical description for egomotion is not y2t complete.
The specification of optical velocity vectors and magnitudes
is not enough. Once the describing scalar and vector fields
are determined, usefuyl techniques such as those of the
vector calculus may Le applied as demonstrated Ly Koendarink
and van Doorn.

Peyond this, another level of psychophysically relevant
description Ls needed to understand specific tasks in the
visyal gquidance of egomotion sych the time-to-contact
probiem studied by Lee, That yet aanother level of
psychophysically relevaut descrigtion is ncederd 1s
illustratod by the problem of the perception of egospeed.
This later problem shows th: ns2d for dzveloping glokal, as

opposed to lccal, descriptors. Lastly, the relationsiuip
Lectween certain already =xisting concepts nsads to Le
further cglucidatsd. Por example, just whdat are the

perceptuai rolas played bty the mmathematical divergence,
Harrington's "divergence", and Biggs' Yareal expansion"?
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ASPECTS OF 2 COBPREHERSIVE ECOLOGICAL ANALYSIS

The purpose of this section is tc provide a copceptual

framework for understanding the achiavements, mistakes,
inconsistencies, and ommissiors of previous studies and also
for guiding future studies. The distinctions drawn here

have not always been made but these distinctions may clarify
some of the apparent inconsisteancies and contradictions in
the literature.

A couprehensive analysis of the optical kasas for the
perception of egoxotion wmay be usefully partiticned 1into
five major aspects or sSukbanalyses. This partitioning is
patterned after Gibson's (1979) "ecological approach to
visual perceptiou" in which he differentiates Letween (1)
the environment to bLe perceived, (2) the information for
perception, and (3) perception prorer. The modifications
nade here are that the environmental analysis 1is expanded
with rebpﬂct to the 2go~epnvironmental relationships
{scmething Gibtson was veiy concerned with), and that what
Gihson placed under the rubpric of information i1s here more
sharply diffarentiated as optical description and optical
information.

The fourth part of Gibsoa's book 1s akout "depiction"
and the fifth aspect here is display generation, bnut despite
the similarities of the titles, the protlews discussed are
very different. As an ecological theorist, <Cibson was
concerned with problems posed by perception via svrrogates
-~ very subtle and profound nplstemlc protlems. However, for
the purpoese of this report, 0o distinction is drawn Lotveen
real and simulated egomotion. But that is not to imply that
such a distinction is not worth while. A very real practical
consequence is the problem of the transfer of +training in
transitioning from a simulator to an operational craft.
This is true not only for airplanes but also for
supertank-:rs (Wagenaarg, 1978).

Interestingly, research withio the five chosen aspects
may proca2ed fairly independently of the others. These aspect
are: '
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1. The Eqo-Fnvironment States to be Perceived

The optical concomitants of egomotion are a function of
(1) the layout of the environment, (2) the egopmoticn path
shape, and (3) the spesed of travel jiacluding changes of
spead. A fourth factor not discussed so far is concerned
with effects due to independently moving others, Lbut that is
beyond the current scope. So far only simple and 1dealized
environments &nd paths have Leen anaiyzed, kut okbviouly more
realistic scenarios nust ke studied. For example, consider
the ego-environkent relationships 2ncounterad ky a
pedestrian in crossing a busy c¢ity street with other
pedestrians, or by a small calf in a moving herd, An
analysis of cevent types is ne«eded.

2. Geometric Description

e  w———

Once a particular envirnnaent-egomotion situvation has
teen selected, a logical rn=xt step 1s to provide a complete
ti.z., ambient optic array) description of the optical
concoultants of that egomotiod.

The optical description may be referred to a varisty of
models of the awmblent optic array. The two most conveni=ant
are th2 optic array coansidered as a set of nested plane and
so0lid angles at a moving point 0£ cokservation and, the optic

array considered as a upit sphere projecticn surface
centered at the wmoving point of observation. Cther
projection surfac2s may be used such as wvariously oriented
flat planes or complexly curved surfaces such as

windscreens. Whatever model of the optic array is used, it
%S important to distinguish between descriptions of a full
amiient optic array versus descriptlons of a restrictad
sample of the optic array such as those «corresponding to
“froantal®, #lateral®™, or “pottom" vievs. It is especially
important to further distinguish ©between optic array
descriptions and retinal (usually, human) descriptioas. The
distinction between the optic array and any animal's ocular
organs is fundanmental at all levels c¢f analysis.

3. Optical 1information Analysis

Optical description cousiders how an environoent
geometrically effects the structure of light at a moviug
peint of obszrcvation. It is Lasically a study of gmometric
projection. OUptical inforwation analysis is Lasically the
study of the inverse process: Given only the projective
activity in the optic array, what <can L2 pathematicaily
ascertained avout the nature of the eqopotion and the nature
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of the envirounment teing traversed? In an ecological optics
sense, "inforamation® means nathematical specificity, that
is, optical information is geometrically deterministic, not
probabalistic (Gikson, 1979).

Thus the synonymous terms *optical information',
"optical specifier", and “"optical basis" stand in sharp
contradistinction to the terms "clue" and "cue'" since "clue”
and "cue" inply indeterminism or onderdeterminism at the
invarse projzctive geometric level. The distinction between
information-specification and clue-cue 1is important singe
the problem of the ultimate adeguacy (or inadequacy) of the
underlying optical support for perception has radical
implications for the nature of tenacle perceptual and
epistemic theories.

4. Perceptual Otilization

-

Geomstric determinism, if it exists. does not imply
nsychological or perceptual determinisa. Information permits
or <enables perception, it does not force perception.

fuastions about the pickup or wutilization of icfcormation
define anothsr bkroad aspect of a comprehznsive eqomotion

analysis. only this aspect 1is, strictly speaking,
psychological or perceptual iu natur=. Although empirical
perceptual studies are, by design, axcluded from this

report, thz aim of +this report 1is to help guide the
formulation of psrceptual hypotheses and the selection of
the contents of egnmoticn displays.

$- Egometion Digplay Generation for Besearch

Once au experiment2r has seiected an iaformation
vari :kle and forwmulated a perceptual bypothesis suitabkle for
empirical testing, he must geperate displays that provide
the desired information. ©Egomotion display generation has
two interesting featyres that researchers ccncerned with
assessing information use shoulld Le aware of:

(1) Bogsible  imherent confounpds. Whether  ap
information variable is gelactad as a result of
phenomenclogical introspection on eqgomotion sceues, or by
analytic consideration of the parameters of descriptive angd
inverse-g2o0patric ¢quations, a researcher ideally would
employ displays which present the particular information of
interest in purs form. Al other sources of information
would Le riqorously controlled by conterbalancing,

eliginatinLg, or holdiung thew constant. Unfortunately, this

....
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ideal experaimental design *echnique may often, if not
always, Le unattainakle in egoumotion research. There may
always be inherent, confounding, alternate sources of

information present in eqomotion displays of any coaplsxity.
This i3 protakly due to a shortage of display degrees of
freedom compared to +the number of parameters in the
descriptive and inverse-gsometric eduations (Warren & Owen,
in pressj,

The significance cf the 1inherent confouading of
alternative information sources is that the assesswment of
information wutilization may prove +to Le an unexpectedly
formidable, but interesting, problem. It may be a long time
before a final enmpirical verdict 1is rendered on the various
optical concomitants of egomotion.

(2) Equations for description yersus deneration.
Although there are several methods possible for generating
egomotion displays, the technijue 2f choice today is that of
computer deneratad lmaqery. Computer gensraticn requires
precis= egquations, and a natural set of gyeneration eyuations
would Le those which Jescribe the optical effects of
agompotiorn. Computar projraiss c¢euld te written which
dir=2ctly act con the descriptive paraumetars. Unfortunately,
such a procedure could not be done in re€al time cu nost
computers today due to the numerical complexity ot the
aquations. Fortunately, a radically different and
numerically simpler set of g=2neration equations eXxist that
result in th2 same desired disgplays albeit in real time. The
gen2ration =quations ar~ not raeviewed iu this report but may
be found in <conmnputer graphics Pooks such as Newman and
Sproull (1979).

The coaputer dJeneration eguations and techniques are
not were transformations of the descriptive equations. The
differences are fuandamental, although the results are the

SanT. The siguificance for yUesedrchers 1s that it 1s
possible (and common) to provide an okserver with an
effective computsr display but whose exact nmathematical
description and information content are not known. But if
the exact description and information content are not known,
how can a satisfying theory of egomotion percepticn bLe
constructed?
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OPTIC ARRAY VS. RETINAL DESCRIPTION

Optical description in this report generally refers to

the optic array. Optical speeds and 1so~-angular speed
contours may refer to the optic array or, without undue
confusicn, to0 a set of environmental loci. Qnce optic
arrray locations and activities are specified, they may be
projected onto any fossible projection surface. For
depiction and analysis, a flat fronto-parallel or side
window is typically used. But, the surface may te curved,

and moreover, may assSufe any orientation including one that
is constantly changing. The2 fixating or tracking retina is
such a surfaca. Three issues arise in considering the flow
pattern ra2ferred to a rotating (and specifically fixatipg or
trackingy) projection surtace:

7. Optically, the eff=ct of fixation is to null the
optical flow of the fixated feature and to zero its angular
velocity. But the apgular velocity (not just optical speed)
of all other points 15 also uffected. The effect due to
rotationsfixation 1is geometrically well spescitied and 1is
essz2ntially the addition of 4 rotational compon2nt to the
existing translational flow field. See Gibson (1950, Figure
57) for a pictorial depictiou apnd Nakayama and Loomis (1974)
and Prazdny (1980) for the mathematics. Hence, descriptively
there is no problen.

2. Analytically, the problem of decomposing the flow
field tack into rotational and trapslational components is
nore complex but, in principle, can be done (Nakayama &
Loomis, 1974; Koenderink & van Doorn, 1981; Prazdny, 1980).
Hence, analytically at least, the presence of eye rotatiowu
does not deteriorate or confound the information availacle
in the flow pattern.

3. Psychologically, or perceptuaily, the 1ssue 1is
whether or not the rotationally altered flow pattern poses a
problem for the extraction or utilization of thke optically
available information. This is a complex issue and involves
Loth theoretical and empirical aspects. Much of the problem
is dye to confusion resulting from failure to keep optic
array flow descripticn Separate from retinal flow
description.

For e¢xample, Gikson (1947,1950) hypothesizesd that the
focus of expansion, since it is optically <coincident with
the ground point being approached, <could ke ussd to guide a
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landing approach. But others (Regan % Beverley, 1382) have
noted that the focus of expansion is not coincidant with the
aim point and hence cannot be used for heading guidance.
There 1s bpo re<al contradiction here, uibson was speaking
about the optic array; =Regan and Beverley about the retina.

Geometrically, 1t is true that the retipnal focus of
expansion and 1iso=-angular speed contours differ in
environmeatal refer=nce from those of the optic array. Th=
problenm, then, 1is not one of descriptive geometry or

information availability. Rather, the pa2rcaptual proklem is
how a visual system extracts information from a retinal or
cther receptor surface flow pattern and with what accuracy.
How does the visual system separate the rotational and
translational compoaants in the r=2ceptor flow pattern?
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UNIFIED OPTICAL DESCRIPTION

The purpose of this section 1s to present a convenlent
summary of the procedures for deteraining an egomotion flow
pattern for translatory =gomotion. For rotation effects, see

Gordon (1965), Nakayama and Loomis (1974), and Prazdny
(1980)

Conventions. Since many angles are used, a doubple
capital is used for mpeaonic valur. Vectors are symbolized
by =ither underscored latters or as pairs or triplets of
numbers in parenthesis. The magnituds: of a vector 1is

generally represented by the same letter without the
underscors.,

The Envirenment

The environmant is assumed to Le given or kpowk as a set of
points in a Cartesian coordinate framework. In general, no
restricrion is placed on the T'sculpting" of the environment
although certain eguations do describe the special case cf
an infinite flat terrair.

Environmental Position

_____________ 1 —

The eunvironmental positiuvun of a point is given 1in
«gocentric Cartesian coordinates. The arxes forn a
right~handed system in which the positive Z-axis 1s aligned
vith gravity and always polnts up. Henc2, the X- and Y-axes
always define a horizontal plane which wecuald be parallel to
a flat ground surface. Since ground points are generally
below the olserver, they tend to have negative 2z values, and
further, all poiuts on a flat ground have the same negative

Z value, Whatever thte egomotion path angle, P3, to the
ground, positiva x represents forwvard distance relative to
the observer, and positive y represents left-lateral

distance. "Forward" and "lateral" directions can change with
time, but all further discussion here Jassumes rectilinear
forward egonotion. The ego is always at (0,0,0). The radius
vector from the egocanter +to the point (ReYrZ) 15
represented

L = (X,7,2) = X1 + Y] +2k (N

SR %

<J

%

BRI
PO I N LN

20 W

[}

SVEPRA TN

..
A AN

|
1
|

r)

; 3
PRV RTAPT Y

A




Fgomo*ion Flow Pattern 47

Tke length of the radius vector is the total distance 1o the
peint and is given by

L = SQkT { %% ¢+ y2 ¢ 2& ) {2)
The flat grourd distance tc a point is

g = SQBRT { x? + y2 ) {3)
Another usetful auxillary distance is the distance from the
ego to the projection of the point {x,y,2} on the ¥2 plane

which is ths point {(C,y,2):

= SCRT [ 77 + 22 ) (4)

Static 9ptical Pogition

The static optical position of a point degends on the

particular awodel of the optic atray that 1s used. Four
pwodels are» consildered depending on ths projection surfaca
used: (1) sphere  with '"porth" pole uyp, (2) sphere with

"nourth™ pole aimed at the horizon, (3) sSphere with "nocth”
pole aims=d "ahead", and (4) flat fronto-parallel plane. Unit
spheres centered ou the ego form conventiaent mol2ls of tha
optiC array because spherical =2xtents and relations directly
correspond to the plane or solid angular reiations that
descripe anr optirc arraye. The three spherical systens
discussed here are all variants on the sawme theme =~- only
the directions of their "north"™ poles differ, Tae fourth
model, a flat frountal planme actually captures only one
hemisphere of the optic array but is popular and convenient.
"Horizon" here alvways refers to the optical horizon and not
the "edge" of the earth. ‘tThe "“ground" is, unless gqualifiegd,
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aivays assumed flat, horizorntal, and relos tne obssrvar,

Note on Arc Functions and guadrants

If the environmental position of a point is known
or given in Cartesian coordinates (x,y,z), the optical
position is founi using inversa trigoncmetric
functions., Typically a computer or calculator is used
for the calculations, and siace conputers generally
return only the prircipal values of the arc functions,
alli raturned angles are in a 1809 range. For example,
most Calculators returan the same angle fcor the points
(2,5) and (-2,-95) i1f arc tan (ys/x) 1s used. Thus sone
angular positions will Le misrepresented. The
solution is to check for propsr quadrant assignment or
to use "four-guadrant" arc functions insztead of the
typica. "two-gjuadrant"™ arc functions.

o e e rme s S B e S e Bee e e S O e e Sy
b e W e e e e wme Ghe e S0 ARe A hem Swe . Sow m

1. Sphere with "North" Pale Up

This section 15 a modification of Gordou (1905). When
the "north" pole 1s aimed upwards or aligaed with gravity,
optical gposition is given in terms of azimuth, AZ, and
either elevation, EL, or declinaticon, DC, angles. Azimuth
{(also called "longitude") 1is simply angular position along
the horizon where

AZ = arc tan (y/X) (5)

There are two usual choices for the second spherical

. Zlevation {also called "latitude™) 1i1ndicates a
gular position akove or Ltelow the horizon whare

EL = arc sia (z/kx) {(6)

EL is 49090 at the zenith and -900 at the nadir. HNotlce that
the elevation of all ground points is negative siuce they
are belcw the oLserver and hencz2 optically below the
horizon.

The altzrnate second spherical coordinate is that of
angular declination (also called 'co-latitude«") from the
*north"™ pole and is given by

DC = arc cos (z/rC) (7)
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DC is zero at the zenith, 9009 at the horizon and 1809 at the
nadir. Care @must ke taken not to confuse this wusagye with
that in astronony.

Which system to wuse? Gordoa used an  azimuth and
elevation systemn and it is natural to cousider fpoints below

the herizon as negative. For this same r=ason declination
seems unnatural for ground polnts. However, pmost
mathematical treatments and applications of spherical

cocrdinates use the azimuth and declination (or longitude
and co-latitude) system. Since one purpose of this report is
to clarify wusage and encourade €asy communication between
psychologists and other sciantists, the declination systan
will tbte favored, but oftern the elevation version of an
equation 1s given. Declination and =l=vation are related by

FL = 900 = DC (8)
and

sin EL = cos L[C (%)

A third three-dimensional sgh=2rical coordinate 1s

simply the total distance, ¢ (or sometimes rhoj, to the

point. This third coordinate 1is "lost"™ in projection or

always taken as r = 1 for a uuit sphere,

2. Sphere with "North'" Pole Aimed at Horizon

This system is based on Nakayama and Loomis (1974) and
Whitesid2 and Samuel (1970). The key to this system is the
fact that rrojected points flow along gr2at circla2 paths on
a sphere during rectilinear egomotion, and further, that all
great circle paths 1ntersect at an optically stationary
focus of expansion. Thus the great circles can ke usged as a

set of meridians (or lines of longitude) for which the
"nporth" pole points iu the direction of the aim vpoint or
focus of expansion. Position along a givep wmeridian is
located by the eccentricity or anqgular distance from the
focus of expansion. Hence ecceqtricity corresponds to
co-latitude apnd ranges from 09 to 1800 . If the egomotion is
level, theu the aim point 1is toward thgs wnorizon. To

emphasize this the meridian and eccentricity angyles are
syuwbolized HM and HE which <corizspond to Nakayama and
Loomis's alpha and beta. If egomotion is along tte X-axis,
then

M arc tan (z/y) (10)

and

HE arc cos (x/r) (1)
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This systen anticipates rectilinear egomotion a&and has
certain advantages over an azimuth and elevation system for
such egomotion. Although the systen may also Le used for
curvilinear e#qgomotion, the advantages would be lost.

3. Sphere with ®North" Pole Aimed "Ahcad"

Er——r—-

If the egomotion is not aimed toward the horizon, then
the focus of expansion and the "porth" pole will alsc be off
the horizon. Tha equation for HY and HE would have to ke
modified to take the non~-horizon ‘"north" pole into account.
Expressions for focal meridian, FM, and focal sccentricity,
FE, are unwieldy and ar< best obtained bty applying suitakle
ax¥is rotation matrices to the expressions for HM and HE., The
reader may check the unwieldipess, tor example, by
sabstituting an arbitrary direction of travel vector,
{xaim,yaim,z3im) for the (1,0,0) ainm vector used ty Nakayama
and Loonis in their #g9. A1 and thsn carrying out the
indicated algebra.

The symboi "ECY™ is yenerally used here for eccentricity
when there 135 no special need to distingulish between horizon
and focal eccentricity, or when a yenera. property is keiny
discussed.

4. Flat Frontal Plane

A popular model of both the retina and the optic darray
is a flat projection surface or window, This model 1is
favored ty «computer vision workers and by Lée 1n  his more
recent wvorks. Most treatments use 1is a ftronto-parallel
surface toward which the observer is travelling. K. Prazdny
(1980) specifically allows fcor a mere generally sriented
projection surface. Computer implemeptations for arbitrary
motions and rotations is best done ty the matrix technigues
given in Newman and Sproull (1979).

Table 1 presents a summary of the optical angles
descriked here. This takle is useful in convertiug from one
System to another.
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TABL® 1

Summary of Optical Positionrs

AZ EL HHM HE SP
sin y/9 2/t z/Q0 G/C Y/G
cos X/9 4/rC Yy/R x/r Z/CQ

tan y/x z/9 2/Y /X ¥/Z

where: r = SGRT ( x2 + y2 + z2 )
g = SQRT ( %2 *+ y? )

f = SCKT ( y?z + 22 )

~—~__-—Tp—n‘_—_—-—_-—‘—-..-
L.—_—_—..——-ba——..——-——--——u-—n——m—.-—d

\
{

Bectilinear Egomotion

Rectilinear egomoticn would norrally e represented by
a velocity vector originating from the observer and pointing
iu the direction of travel. However, under this egocantric
analysis, the =2go hag no valocity vector since it always
remains at the origiu. Instead, it 1s the environment that
is considerea to displace relative to the ego. Heace, each
point in the environm2nt i1s assigned a velocity vector which
is siaply the negative of the wusuyal ckserver valocity
vector. This =2nvironmental velocity vector descrikes what is
happening to each environmental vector, £ = (x,¥,2), and so
nay ke symbolized as

I = v =(X:7s2) (12)

It is important to note that there are an infinity of values
for the enviroanw=ntal position vectors, L, Ltut ouly ong
value for the enviroagental valocity L.

That single value of (i,ﬁ,%) is detz2rmined by the
nedative of the obsnrver's relative velocity, but the
conponents directly describe the @motion of euvironmental
points. Hebce,

® . . - .
X negative 1s forvard ohsarver motion,
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nagative is leftward observer motion, and

e

ne

positive is downward observer motion.

The path speed either of the observer or a point is

ire

S = SQKT ( X2 + y2 + 22 ) = =y (13)
Since the derivatives, [, of all the positional radius
vectors, r, are all equal to the negative of the observer's
velocity vector, the environmental vector velocity field
looks like a field (two or three dimensioanal} of parallel,
equilengtl needles. The needle at the point toward which the
observer is heading points directly at the gLkserver.

Speed of Optical Hotion

Optical motion or dinstantaneous change of optical
(i.2., angyular) position is Lest Jdescriked Lty a vector since
it has hotk speed and direction assoc¢iated with 1it.
Historicaily, optical sp2ad was descrihecd first, aud only
later was the vector as such descrikbed. This sequence 1s
followsd here.

Two approaches to deteraining optical or angular speed

ars: (1) 1Take the time derivatives ¢f auy two angles
defining angqular position and +then combine the components
into total angular speed, or (2) capitaliza oun certain

geonmetric properties of the radius (position) and velocity
vectors.

Optical Speed by Differentiation: Cartesiep Fornm

Foraulas in this section e€xpress optical speed and its
compcnents as functions of x, y, apnd z. As such, they are
well-suited for computer work. Fquations S5, 6, 14, 15, 1o,
and 17, are taken from Gordon (1965).

Azimuth and elevation rate components. Change in
optical position may Le resolvad into separate aziputh aud
elevation rate conponents. Straighttorward diffaerentiation

of Egqs. 5 and 6:

1l

AZ arc tan (y/x) (5)
and

EL

1l

arc sin (z/r) (6)
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vyields

AZ

L]

{ 1732 ) (-yX + xJ) (14)

and

EL

( 1/gr2 ) (-xz% - 72§ + 32z ) (15)

Lateral velocity may be simply eliwminited during rectilinear
egomo“ion by orienting the X-axis 1in the forward directioa.
Al]l further discussion assumes this kas keen done and that
¥ = 0 always. Accordingly, Egs. 14 and 15 sizplify to

L/ < -

AZ = ( ~-xy/32 ) (19)
and

[ J L] L4

EL = ( lygre2 ) (~xzx + g2z ) (17)

Total aunqular speed from AZ and EL. Th=2 _ total

wagnitude of the rate of chanye of optical rposition, GP, is

[J 3 - L]

OF = 50T ( AZ2 cos? TL + EL2 ) (18)
The c¢os?2 EIL factur is a scaiing adjustasnt to wake distance
along azigu+th and zlevation line:n cowrparatble. fdecali thzt
19 of longitude at the eguator delimits a greater cd.stance
thhan 19 of 1longitude near the North DPole.) Gordon (1965,

1966) omitted the scaling factor, whereas Biggs (1966) did
include it.

. * [
If Cartesiau forms of A2 an EL, such as Egs 16 and 17,
are substituted into Ey. 18, it may be desiraplz to use the
Cartesian ejuivalent of cos? LL which is (gq/r)?2

—_———mhim e

The Cartesian expressions may be transtormed into
optical forms by wmultiplying them by unity in the quise ot
12/2),.(r/r), or (9/9), and then arranging the terms so that
¥ and z are divided by z and all other factors forw ratios
wvhich appear in Table 1:

AZ

(~x/z) {y/9) (z/9) (19)

and

it

EL = (~%/2) (X/9) (2/%) (%/T)

v (2/2) (9/t) (9/9) (2/r) (20)

which becoae
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i

AZ = (-x,/7) sin AZ tan EL (21)
and

EL (-X/z} cos AZ sip? EL

Y

+ (E/z) sin EL cos EL (22)

Eavh expression teaches us something about the flow
patterr, bvt care must be taken in interpretatioan. At first
glance, Ej. 21 appears to indicate a decendency of azimuthal
nosition oun altitude, Lut this iIs not so as «¢videnced Ly
EgS. S, 14, and 16. The %z factor in Eq. 21 was
artificially introduced by the (zs/z) amultiplication needad
to obtain Eg. 19. Its effects avr: offset ty the tan EL
facror.

It is argued that Egs. 21 and 22 are 1n all-optical
form at lcast for cas2s in vwhich z is everywherz egual as in
level terrain, Specifically, the (ks/z) and (Z/z) factors ar=
cousidered c¢lobal optical scaling factors since they are
agppliel <gqually to «ach point. TIney ar< optically availakble
in that they are measurzs of tha global dactivity in an optic
array: soae arvays f£iow quickly, otheLs slowly. The factor
(x/z) is the forward velocity scaled in a.titude units, and
{172 is the tractiopal rate of <change 1in the upsdown
dimernsion.

Path speed and patk angle. Equation 18 for total
angular spee¢d may Le expanded using other Cartesian or
optical expressions for A2 and EL. No expression given so
far has directly incorgorated path speed, &, ard path angle,
PA, and yet these are two comnotl parametgrs 0L egoumotion.

For the speclial case of no lateral motion, y = 0, rath sp=ed
is
& = SQRT ( k2 + 22 ) (23)

Equation 23 is thus a simplified form of Eq. 13 and egually
represents the observer's own speed or the speed of an
envaironeental point in an egocentric systen.

Path slope 1is generally the ratio of descent rate to
directed grouud spesd, thus

path slope = §/§ = tan PA (24)

or . o _
PA = arc tan (z/x) (25)

Sinc e tha origin is egoceutric, the ego asver movas and only
environpental points displace. If the observer 15 moviag




Egomotion Flow Pattarn 55

forvard and downward simultaan=zously, ¥ i3 nagative and z is
positive for all envircnmental points., Thus, environamectal
peints wove a4t an angle 1800 different from that of the
observer 1in a geocentric system. One further cautionary
point: Path angl2s are dJenerally given 1n absolute valu=ss.
If a landing approach is said to be at a 39 path angle, then
the observar is headed 39 Lelow the bhorizon and the
environmental poiats travel withk a path angle PA of 1770
{hot at 1830 ).,

Ejuations 23 and 25 together imply the relationships
sunmerized in Table 2.

Path angle as an optical angle. Path angle is arqued
to be an optical angle inp that it is available from optic
array relatioanships. Specifically, in & gcocentric systen,
the angular separation of the focus of <expansion from the
horizon 1s egual to the (signead) path angle. iz au
egocentric system, the value of PA 1is just 1800 + the
(signed) angular saparation of the focus of expansion and
the bhorizon. For example, if the focus of expansion is 20
telow the horizon, then PA 1s 1779 . Cptical availakbkility
inplies crly grometric =2xistenc: and not necessarily
perceptual or riolngical effectiveness,

§ - 3
| |
| TABLE 2 ]
1 1
| Path Speerd and Fath Angles !
| |
I . » _ . |
i Z/5 = sin PA Z = S sin PA 1
t . . . l
i /5 = €0s P4a X = S cos PA i
x * *® L J L ] l
I z/x = tan PA S = SQRT ( x2 + z2 ) {
| l
i )

Optical speed from path speed apd path apgle. The
relations in Table 2 may be used to r2~2xpr2ss the previous
equations in terms of path speed and path angle. Many

diffareat versions are possidle. E;uatign 20 1S expressed
s0l2ly in t2rms of glotal flow rate (s/h), path angle,
azimuth, and =2levation. Letting

h = SQRT ( z2 ) = ABS (z) {25)
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represent alwitude, global flow rate (§/h) is always
positive. Total optical speed is

t 0P = (S/h) siu® EL SQRT ({

(sin? AZ csc? EL + cos? A7) cos? pA

+ cot? EL sin? PA

u - c0S AZ cot £L sin PA cos PA) (26)

Equation 26 is eaquivalent to Egq. 3 in Gikson, Olum, and
Bosenblatt (1955) but the demounstration is tedious.

Optical Speed hy Geometrical Considerations

An alternate method for determining tctal angular speed
i1s based on geometric and kinematic consaidszrations (€.3.,
Biggs, 1566, whltedee £ Samu2kl, 1970). 1The effect of thse
velocity vector g or v 1is to turn the radius vsctor L at
some angular spe=d. But, the turning effect of P on
depends on thelr rﬂlatLVe orientation: Assume that the tail
of the turuing vactor L is attached to the head of the
radiuys vector r. The tucnlng vector I can be resolved into
LwWo COwpouenit veCtQrs: ons aligned with the rtadius vector
and one 909 to it. The aligynzd or axial compcnent oE r can
have absolut=2ly no turning effect on . The eptlire turning
effect is due  te the tangential comgponent of [ relative to

L

-

¥l The magnitude of the tangantial couponent of L is weil
known to pe equal to the length of L, S, times the sine of
the (smaller) anglp between them (vwhen both originate at the
origin). Now, r is oriented exactly 1800 opposite to the aim
vector which poxnts at the focus of expansion. Tha angle
between the focus of expassion and the tadius vector
- = {X,Y,¥) is, by definition, the focal FCFentElCLty angle FE
' or EC. Since EC and the angle between I and £ must form 1300
or a straight line, the augle between r and L is (1900

~ EC). Thus the magnitude of the tangent;al conpoanent of 1
is
v = L sin (18009 - EC) (27)
or
r* = & sin EC = ' (28)
- since L = & and sin {1800 - EC) = sin EC.
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Angular spesd is now easily Jdetermined since angular

specd 1n radians per second is simply tangential speed
scalad in turpning radius uynits. Thus

BC = (3 sin EC) / ¢

v',r (29)

or

1
@}
il

(S/r) sin EC (30)

sirnce £ 18 the lengty of the radius vector (or positional)
viztorr (XsY¥s2Z), Aand S sin EC is the tangential speed of the
point {(X,¥Y,Z) relative to the egocenter.

If egomotion is rectilinear, then Eq. 30 is an
wlegantly simple expression for the total anyular speed, 0P,
since here

Op = EC (31

Du2 to the simplicity of Egs. 30 and 37, sompe comments Aars2
in order:

the eccentricity rate, ZC, and the total angular rate, OP,
is tiue only 1f flow 1s aloang & line of coastant meridian.
This was recognized by Biggs (1966), Rhiteside ana Samuel
(1370) , and Nakayama and loomis (1974). The simplicity thus
irtroduced <xplains why an eccentricity and meridian systenm
is preferred for describing rectilinear =gomotion. If there
is any change in meridian value with ggowmotion, then the
total anqular spced is not equal te EC and an expression
similar to Egy. 18 must be used. Biggs, expiicitly provided
such an expression. Meridian will changs during curvilinearc
egomotion and also during rectilineay e<egomotion when the
"porth" pole defining the meridians 1is pot aligned with the
heading point.

1. Assupption of constant meridian. The eguivaieuce of

2. Cartesiap form of Eg. 30. Equation 30 is neither in
an all-Cartesian form nor in an all"optical.form. It is not
in all-optical form Lecause the factor (S/r) is not an
optical variatle. Slobal optical varialkles such as (s/2),
assuming a flat tgrrain, apply =2qually at ¢ach optical
positioL. But, {s/r) varies with position since r variles
with position.

Assume that the egowotion is lavel aver 3 flat terrain
so that Fgqgs. 10 and 11 apply. Then horizon <ceferred
accentricity, iE, 13 ths same as focal eccentricity, EC, and
by Tauvle 1

sin EC = sgin HE = /T

N A kel b = A - = - - -
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thus
EC = (5/t) (/) = (312 ) (32)
which i1s in an alli-Cartesian foram. If the egomotion is not

level, Ey. 32 does not apply since 3in EC would not eyqual
(Q/r) -

3. Optical form of Egq. 30. Equation 30 may be recast
into several all-optical forms by woultiplying Ly wunity in

various gquises such as (z/z) and using Takle 1. For
2xample,
e [ ]
EC = ({sQz/2rr)
or
. e . . -
EC = (s/z) sin EC sin EL {33)

which 1s in an all-optical form. It should not mattzsr to the
visual sSystem that eccentricity and =2levation ar2 not
usually used together. For 4nother version let

»

EC

(EQQZ/zer)

then

HE = (S/z) sin2 HZ sin HM (34)

H

which 13 all-optical and exclusively within a horizon
meridiau and horizorn eccentricity systen.

4. Iso-angular speed sucrface. dhiteside and Samuel
(1970) argued that a set of t-ree-diumensional fpoiats, all of
whizh have thke sams angular speed, fcrm a torus, Lut gave no
eguations. No derivation is provided here either, hut it
possible to demomstrate that Eg. 30 set to a constant is
indeed the equation of a torus. Use Eq. 32, assupe 02 1is a
constant, expand ¢ and © 1into their %, y, and z forms, and
after much rearranging of terms you will have the eyuation
of a torus. for nop~level egopmotion, apply a rotation
matrix.

Vector Description of QOptical #otion

This saction is an introduction to the vector
description of the flow pattern corresponding to rectilinecar
egomotion. Se2veral different vsctors play a role in the

flow pattern. The tasks of this section are to (1) identify
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the vectors, {2) provide expressions for their diractions
and magnitudes, arnd (3) discuss their interrelationships.

The 3-D Vectors

Vectors useful for analysis and description include:

The radius positicn rvector. The position or radius
vector £ = (x,¥,2) 1is the vector freom the egocanter to the
point (x,Y,2) in the environment. Ejuatioa 2 gives its
magnitude.

The environmental velocit vector. The environmental
velocity vector L or v = (X,y,2) descrikas the motion of all
environmental points relative te ths egocenter. All v=ctors
¥ are equal. The speed of the ego or the.points 15 given Ly
Eq. 1) and symbolized either as T, v, OC S.

The observer's own velocity vector. The observer's own
velocity vector relative to thne envirepmen* is simply the
exact opposite of the environaental velocity vector v and

hence is -y or -L and the egospeed is also given by qu 13.
The aim vector. The aim or heading vector is any

vector pointing in the same directicn as the gbserver's own
velocity vector.

The axial velocity vector. As already discussed, the
environmental velocity vector, ¥ may te resolved dinto two
components. The axial velocity component is aligned with the
radius vector and heuncs can have no turning effect on it.

Accordingly, this vector is of no immediate interest.

The tangential velocity vector. As already discussed,
only +the tangential compoment (here y*' or ') 2f the
environmental velocity vactor, v or E, has any turning
effect on +the ©position vector L. This turning effsct
increases the angular separation, EC, Eketween L and the ain
vector with aa angular speed EC. As presented in Egs. 27
and 28, tle magnitude of y' or L' is 8 sin EC or v sin EC.
So far, tha only thing said about the direction of y' is
that it i3 at right anglss to the position vector r. ZI2efore
further specitfying ¥', it is h2lpful to zxawmine the angular
velocity vector.

d
r

=
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The apngular velocity vector. In general, an angularc
vaelocity vector, w (usually represented by an omega), is
assigned a wmagnitude, w, @agqual to the speed of the angular
change and a direction aligned with th2 axis of rotation. It
further points 1n the direction of the advancz of a
right-band screw. The kasic kinematic relationship Eetwcen
a radius vector, , a (tangential) velocity vector, v', and
an angular velocity vector, ¥, is that

yv' =y X g (35)
where "“X" rpresents the vector cross product.
The length orf v' is, Lty definition,
wL sin WR

where WR 1s the angle Etetween ¥ ard L. Since w 1s aligned to
the axis of rotationm for r, ¥ and £ a4re at right angles to
1.

ezach other and hecce sin WR = lence

v! = wr {36)
and

v = v'/rc {37)

Fquation 37 shows that the definition of the length of v'
conforms to the general rule that angularcr speea 1s eyjual to
the tangential speed scaled in  turning radius units. Here,
in particular, angular spead, w, is EC which was shown to
indeed equal v'/r in EQ. 29.

The direction of w 1s found by noting that w, as the
axis of rotation, wmust Le perpeandicular to Etoth r and v
The cross

since they determine the plane of —rcotation.
product. r ¥ v, isg, by d~sign, a vector mutually
perpendicular to both r and v, and a unit vector in thco

direction of W 1is

cx 9 /oy (38)

In the discussion of Egs. 27 and 28, the angle Ltetween f and
v was shown to be (1800 - EC), hence

lg X 1' = rv sin (1809 - EC) = rv sin EC )]
Equation 38 bLecomes

(C X v) / rv sin EC (40)

(9]
ry

(1/sin EC) ((rs/r) & (¥/v)) (4M
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Thus, the upit yvector in the direction of 4 is siaply
(1/sin EC) times the cross product of the unit vectors (r/r)
and (v/v).

The vecter w itself is the product of the length of w,
(v'/r by T®q. 37) and the unit vector 1in the direction of u:
¥ = (v'/r) (1/sin EC) ((xs/r) X {(y/v)) (42)
or, since v' = v s5in EC by Eq.28:
¥ = (v/r) ((g/m) X (¥/0)) (437
or just
¥=({c Xy /s {(r2) (44)
Tangential velocity vector, Part 2. An axpression for

th2 taagential valocity vector v' attached to the rpoint
(x,¥Y,2) 15 now =asily fourd by combiming Eq. 35

v' = ¥ XL (35)
and Eg. 44%;

v' = (1/r2 ) (£ X yv) X (43)
Comnments on the Vector Description

£ A ¥S5. computativnail foras. Several
difrerent forms have been given for certain vectors., Some
forrs are batter suitszd for calculation and athers for
conceptual development. For example, with respect +to the
anqular velocity vector ¥, Eg. 44  is simplest for
carculation, On the other hand, Egs. 42 and 43 are Lest
conceptually siocce each factur hes a ready interrretation.

Siupificance of fractional rates of change. Fractional
races of chawgae ot agomoflon carameters appear to Le playing
significant voles 1o kcth the maths#matical description of
eqoamotion effects and also 1n tha perceptual utilizatin ot
egyomvtiion informetien (Owen, Warren, Jensen, Mangold, ¢&
Hettincer, 1931).

K
K
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lternate computational forms. The equations developed
here have assumed that the position and velocity vectors ars
known in Cartesian coordinates. This 1S5 reasonable since a
researcher will typically have such coordinates in nmind.
Other forans may be developed as u=eded Lty means ot Tables 1
and 2 or by stapndarcd procedures for coordinate
transformation.

.
h

Consequences of alternate forms opn depictiop. TE
aquispaced environmental points are chosen, as would b2
iikely using a Cartesian scheme, then a two-dimensional
projoction or d2piction of the various points and flow
vectors will exhibit linear perspective gqualities. As has
alrzady tLteen pointsed out, it is possiitle to kegin wizh
points which are =eguispaced on a projection or recegtor
surface. This method 1s in us2 by computar vision scientists
and results 1in depictions without a 1linear perspective
character. dowever, plcking points equispaced on a viewing
or receptor surface 1s indsad a mnatural beginning for
analyzing an operational visual systean.

Anqular vs. planer represeptation. Referriny optical
activity to a r<ca2ptor surface raises the juestion of
angular vs,., planer models of the optic array. The eguatlions
kere describe optical activity in *t=C&S of aingulaw

relationsbips. Such descriptiou amay ke transformsd into €flat
projectin piane relatiornskips (e.q9., Erazdny, 1980).

The description of Nakayama and Loonis. "uch ot the
analysis here 1s indebted to that of Nacayama and Loopls
(1974) . Thers are some differences a reader should be avare
of. The curreut report uses the vector vy to reprasent the
relative environmental motion, This vactor is the opposite
of the olserver's own motion vector and this affects the
appearance of some equations. Specifically, d=scripticn
with respect to the observer's own velocity vector, a = -y,

entails using the cross preduct a X L. Since

—3

-

aXr=-yviXr=1Xy (46)
a different "pattern™ of cross products smerges, but there
is no difrference in the results. Tavrs, Nakayama and Loonis's
unit normal vector N is equivalent te the unit vector in the
direction of ¥4 here. However, th2 taugzntial vector v' here
and thailr om=ga-T vector do differ in magnitude although th=
directions are the same. The lergth v' here 1is v sia EC,
whereas the length of omega-T 1is  (v/r) sin EC. The
difference 1is that om2ga-T 1s tangent to  a ault sphere
vhereas v' 13 assumed to originate at the point (x,y,2)-
Both lengths are consistent with the rzquirement that the
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angular speed DRe squal to tiuw tangential speed divided ty
the turning radius. In ge2neral, all tangential velocity
vectors Mattached" to a wuwnit sphers will have the sanme
magnitude as their associated angular velocity vectors. The

magnitude of th2 anqular wvelocity vector is, in turn,
determinea by the length of +the tangential compor<ent of the
environm=ntal velocity vector “attached" to the

enviroomental point divided by the distance to the point.
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